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S1 Classical homogeneous Green’s function representation
S1.1 Definition of the homogeneous Green’s function

Consider an inhomogeneous lossless acoustic medium with mass density p(x) and compressibility (). In this medium
a space- and time-dependent source distribution ¢(x,t) is present, with ¢ defined as the volume-injection rate density. The
acoustic wave field, caused by this source distribution, is described in terms of the acoustic pressure p(x,t) and the particle
velocity v;(x,t). These field quantities obey the equation of motion and the stress-strain relation, according to

pOsv; + 0;p =0, (S1)

KkOip + 0;v; = q. (S2)
When ¢ is an impulsive source at © = x5 and ¢ = 0, according to

q(x,t) =d(x —xA)d(t), (S3)
then the causal solution of Eqgs. (S1) and (S2) defines the Green’s function, hence

p(x,t) = G(x,xA,t). (S4)

By eliminating v; from Egs. (S1) and (S2) and substituting Egs. (S3) and (S4), we find that the Green’s function G(x,x,t)
obeys the following wave equation

0i(p~10,G) — kPG = —6(x — x2)00(1). (S5)

Wave equation (S5) is symmetric in time, except for the source on the right-hand side, which is anti-symmetric. Hence, the
time-reversed Green’s function G(x,x,—t) obeys the same wave equation, but with opposite sign for the source. By sum-
ming the wave equations for G(x,x,t) and G(x,xa,—t), the sources on the right-hand sides cancel each other, hence, the
homogeneous Green’s function

Gu(z,za,t) =G(x,xa,t) +G(x, A, 1) (S6)
obeys the homogeneous equation

0:(p™L0,Gy) — KO2G, = 0. (S7)

S1.2 Reciprocity theorems

We define the temporal Fourier transform of a time-dependent quantity «(t) as
u(w) = / u(t) exp(iwt)dt. (S8)
In the frequency domain, Eqs. (S1) and (S2) transform to
—iwpv; + 0;p =0, (59)
—iwkp + 0jv; = q. (S10)
We introduce two independent acoustic states, which will be distinguished by subscripts A and B. Rayleigh’s reciprocity

theorem is obtained by considering the quantity 9;{pav; g —v; aps }, applying the product rule for differentiation, substituting
Eqgs. (S9) and (S10) for both states, integrating the result over a spatial domain V enclosed by surface S with outward pointing



normal n;, and applying the theorem of Gauss (de Hoop, 1988; Fokkema and van den Berg, 1993). Assuming that in V the
medium parameters p(x) and () in the two states are identical, this yields Rayleigh’s reciprocity theorem of the convolution

type

/ (pags — qaps }da = ;f %{pmm — (Oipa)ps}mida. (S11)
A% S

We derive a second form of Rayleigh’s reciprocity theorem for time-reversed wave fields. In the frequency domain, time-
reversal is replaced by complex conjugation. When p is a solution of Egs. (S9) and (S10) with source distribution ¢ (and
real-valued medium parameters), then p* obeys the same equations with source distribution —g*. Making these substitutions
for state A in Eq. (S11) we obtain Rayleigh’s reciprocity theorem of the correlation type (Bojarski, 1983)

1
[ han+gimide = § (23 @pn) ~ (G )p}mda. (512)
v S

S1.3 Representation of the homogeneous Green’s function

We choose point sources in both states, according to ga (,w) = 6(x —x ) and ¢g(x,w) = 0(x — xp), with s and zp
both in V. The fields in states A and B are thus expressed in terms of Green’s functions, according to
pa(z,w) = G(x,xA,w), (S13)
pe(z,w) = G(x,zB,w), (S14)
with G(x,zs,w) and G(x,xp,w) being the Fourier transforms of G(x,xa,t) and G(x,zp,t), respectively. Making these

substitutions in Eq. (S12) and using source-receiver reciprocity of the Green’s functions gives (Porter, 1970; Oristaglio, 1989;
Wapenaar, 2004; Van Manen et al., 2005)

1
Gh(wB7wA,W) :%

iwop(@) ({aiG(£B7CI!B,OJ)}G*(CB7$A,w) - G(:B,:cBM)aiG*(ac,mA,w))nidw, (S15)
N

where G, (x g, Ta,w) is the homogeneous Green’s function in the frequency domain. It is defined as
Gu(z,za,w) =Gz, xp,w)+ G (2, 2p,0) =2R{G (2, 2A,W)}, (S16)

where R denotes the real part. Equation (S15) is an exact representation for the homogeneous Green’s function Gy, (g, A ,w).

When S is sufficiently smooth and the medium outside S is homogeneous (with mass density pg, compressibility xo and
propagation velocity c¢o = (kopo)~'/?), the two terms under the integral in Eq. (S15) are nearly identical (but opposite in sign),
hence

1
Gy(xp,xA,w) = —2}(

iwpo

G(z,rp,w)0;G*(x,xA,w)n;de. (S17)

The main approximation is that evanescent waves are neglected at S (Zheng et al., 2011; Wapenaar et al., 2011).

S2 Single-sided homogeneous Green’s function representations
S2.1 Modification of the configuration

We replace the arbitrary closed surface S by a combination of two surfaces Sg and Sy, as indicated in Fig. S1. Here Sy
may be curved, but Sy is a horizontal surface, with n = (0,0, 1). The depth level of S is defined as x3 o (which is equal to



@
171,3 =+1 Ta Sa

Figure S1. Modified configuration. The surface S consists of the combination of surfaces So and Sa.

the x3-coordinate of the point x4 ). The domain between surfaces Sy and Sy is called V4. For this configuration, reciprocity
theorems (S11) and (S12) are replaced by

1 1
[ tpste - aspedde = [ pa(@mn) - @papeinda-+ [ - (pr@upn) - @upa)on)da (518)
VA SQ SA
and
1 1
[ whan +aindde = [ ok (@)~ @mpninda+ [ (9 @upn) - @ui o}, (519)
Va So Sa

respectively. In the following we use these reciprocity theorems as the basis for deriving several versions of single-sided ho-
mogeneous Green’s function representations, each time by applying decomposition to one or more of the integrals in these
theorems. The theory of the decomposition of these integrals is discussed in Appendix A.

S2.2 Single-sided homogeneous Green’s function representation: general formulation

Substituting Eqs. (A37) and (A38) for the surface integrals at S, into Egs. (S18) and (S19), we obtain

/ (pags — qapp)dx = / ﬁ (pA(@pB) - (@pA)pB)mdw - / % ((&sii{)pg + (33PX)p§)dw (520)

Va So Sa

and, ignoring evanescent waves,

* * 1 * * 2 * —\x__—
/(pAqB+quB)dw:/m<pA(3¢pB)* (&pA)pB)nidw*/@((ast) Pt + (9spy) pB>dw- (S21)
Va So Sa

For state A we consider the focusing function fi(x,xs,w) = fi (x,2a,w)+ f; (z,2a,w), introduced in section 3.1 in
“Green’s theorem in seismic imaging across the scales”. This focusing function is defined in a truncated version of the medium,
which is identical to the actual medium in V », but reflection free above Sy and below SA . Hence, the condition for the validity
of Egs. (A36), (A37) and (A38) is fulfilled at S5 . The focusing conditions at the focal plane S5 are (Wapenaar et al., 2014)

(03 f (@, @A, W)]y—as 4 = 3iwp(TA)d(TH — TH,A), (S22)
[03f1 (x,@A,W)]05=a44 =0 (S23)

For state B we consider the Green’s function G(z,zp,w) = G*(x,xp,w) + G~ (z,zp,w), with its source at xp anywhere
in the half-space below Sy. Note that the superscripts 4+ and — in fli(w,m A,w) and G*(x,zp,w) refer to the propagation
direction (downward or upward) at the observation point . The source of the Green’s function at xp is omnidirectional.



Substituting g (@,w) =0, pi(z,w) = fif(z,za,w), ¢a(x,w) = d(z —xp) and pi(x,w) = G*(z,zp,w) into Egs. (S20)
and (S21), using Eqs. (S22) and (S23), gives

G~ (xza,zB,w) + x(xB) fi(zB,2A,W)

- [ o (06@an @) i (2.20.0) — Glamn.w)0 i (@.wa ) nude (529

So

and
G+(33A,wB,UJ) - X(mB)fl*(vawA7w)

=— / ﬁ ({@G(m,mB,w)}ff(m,:cA,w) —G(x,xp,w)d; fT (a:,a:A,w))mda:, (525)

So

respectively, where y is the characteristic function of the domain V4. It is defined as

1, for xp between Sy and Sy,
3, forxzgonS==S,USx, (526)

0, for xzp outside S.

x(zp) =

Summing Eqgs. (S24) and (S25) and using source-receiver reciprocity for the Green’s function on the left-hand side yields
G(zp,za,w) + x(2B)2i3{ f1(zB, Ta,w)}

_/wp2( )({8 G(m IB,w )}S{f1($7wmw)}—G(:&wB,w)%{@fl(w,mA,w)})nidw, (827)

So

where & denotes the imaginary part. Taking the real part of both sides of this equation, using Eq. (S16), gives the single-sided
representation of the homogeneous Green’s function

2
Gh(xp,xA,w) =/

wp(@) ({aiGh(ac,wB,w)}S{fl(w, za,w)} — Ghu(x, xB,w)S{aifl(m,mA,w)D nide. (S28)
So

S2.3 Single-sided homogeneous Green’s function representation: assuming a homogeneous upper half-space

From here onward we assume that also Sy is a horizontal surface, with n = (0,0, —1). Substituting Egs. (A39) and (A40)
for the surface integrals at Sy and Eqgs. (A47) and (A48) for the volume integrals into Egs. (S20) and (S21), we obtain

/ (Pkap +praE — aipg — qapd)de =
Va

[ i (@oms + @t )~ [ (0w + @ur o) e (529)

wp
So SA

and, ignoring evanescent waves,

[ a3 a5+l ph + a3 pi ) de =
Va

/ 2 ((83pA) + (03px)* pB / (B3p})* §+(33PX)*pg)dm. (S30)

iwp
So A



We apply these theorems to the situation in which the upper half-space above Sy is homogeneous (for the Green’s function
as well as for the focusing function). For state A we consider again the focusing function fi(x,za,w) = f;" (z,za,w) +
fi (z,xa,w), defined in a truncated version of the medium. For state B we consider the Green’s function G(x,xp,w) =
Gt (z,zp,w)+G™ T (z,z5,w)+GT~ (x,zp,w)+G~~ (x,z5,w), with its source at £ anywhere in the half-space below
Sp. Note that we introduced two superscripts. The first superscript refers again to the propagation direction at the observation
point . The second superscript refers to the radiation direction of the source at . Substituting ¢} (z,w) = ¢, (z,w) =0,
pi(z,0) = fif (z,24,w), g5 (2,w) = §(z — zB), ¢5 (z,w) = 0 and pg (z,w) = GH 7 (x,zp,w) into Egs. (S29) and (S30),
using Egs. (S22) and (S23) and G+ (z,xp,w) =0 for x at Sy (since the upper half-space is homogeneous), gives

2
Gt (za,zB,w) + x(xB) f] (TB,TA,wW) :/iwp G_’+(ac,wB7w)63f1+(az,wA,w)dac (S31)
So 0
and
GHt + * 2 —+ — *
*(easnw) —x(@n) U @nas @) = - [ oG @n o (@)} de. (532)
So

Next, substituting g (&, w) = 5 (®,w) =0, pt(z,w) = [ (z,24,w), ¢ (z,w) = 0, g5 (®,w) = §(x — xp) and pE (z,w) =
G*~(x,zp,w) into Egs. (S29) and (S30), using Egs. (S22) and (S23) and G~ (x,p,w) = 0 for x at Sy, gives

2

G777 (za,xB,w) +X(mB)f1+(a:B,a:A,w) = / iop G*’*(ac,a:B,w)agff”(a:,azA,w)dm (S33)
So 0
and
2
G (o ene) X @nar @) = [ oG @) 0 (@) de. (534)
So

Summing Eqgs. (S31) — (S34), using source-receiver reciprocity for the Green’s function on the left-hand side and
Gt (z,zp,w) =G (x,zp,w) = 0 for x at Sy, we obtain

G(xp,za,w) + x(xB)2iS{ f1(xB,Ta,w)}
- / inpo G(:B,ajB’w)&,) (f1+ (wva’W) - {fl_ (:B,:DA,w)}*)d.’B. (835)

So

Taking the real part of both sides gives the single-sided representation of the homogeneous Green’s function for the situation
that the upper half-space is homogeneous

1,00 Gz, xp,w)05(fi (z,2a,w) — {fi (x,xa,w)}")de. (S36)

w

Gu(xp,xA,w) = 49%/
So

We conclude by deriving source-receiver reciprocity relations for the decomposed Green’s functions G** (x, g, w). We
consider Eq. (S29), but replace V, by the entire space R?. In this situation there are only outgoing waves at S. Hence, Eq.
(S29) simplifies to

/ (PXap +Pads — dAPs — qaps)dz =0. (S37)
RS

First we substitute ¢ = d(x —x4), g5 =0, pf =G F(z,xp,w), ¢f =6(z—xB), g5 = 0and pg = GT*(x,zp,w). This
gives

G M (g, za,w) =G T (zA, TB,w). (S38)



Next, we substitute ¢ = d(z—xa), g5 = 0, pi = GFH(z,24,w), ¢fy =0, ¢g = 6(x—xp) and pi = G*~ (x,zp,w). This
gives

Gt H(zp,xa,w) =G (TA,TB,W). (S39)

Finally, we substitute ¢ = 0, g5 = d(x — ), pi = GH~ (@, xa,w), ¢fy =0, g5 = d(x —xp) and pE = G=~(z,xB,w).
This gives

Gt (zp,xa,w) =GP (za,B,W). (540)

Note that Eq. (S39) does not include a minus sign, unlike the corresponding relation for the flux-normalised decomposed
Green'’s functions (Wapenaar, 1996a). This is due to the definition of ¢* in Eq. (A46). As a result of this definition, we have
the following simple expression for the full Green’s function

G(z,zp,w) =G (z,2,w) + G T (z,2a,w) + G (z,2a,w) + G (x,TA,W). (S41)

Appendix A: Decomposition of the integrals in the reciprocity theorems
Al Matrix-vector wave equation

By eliminating v; and v, from Eqs. (S9) and (S10), we obtain the following matrix-vector wave equation in the space-frequency
domain

03q=Aq+d, (A1)
where
() oA %)
with
Ao = iwp, (A3)
Az = iwk — i@aiaa (A4)
iw

(Corones, 1975; Ursin, 1983; Fishman and McCoy, 1984; Wapenaar and Berkhout, 1989; de Hoop, 1996). Here 0, stands
for the spatial differential operator 9/0x,,. Greek subscripts take on the values 1 and 2 and Einstein’s summation convention
applies to repeated subscripts. The notation in the right-hand side of Eq. (A4) should be understood in the sense that differential
operators act on all factors to the right of it. Hence, operator J, %(‘L, applied via Eq. (A1) to p, stands for aa(%aa D).

A2 Decomposition of the matrix-vector wave equation

For the decomposition of the matrix-vector wave equation, we first recast the operator matrix A into a more symmetric form.
To this end we define an operator Hs, according to

Hy = —iw\/pA21/p = k* + /pOa 3 0ar/P, (AS)
with
w? 1
==, c=——. A6
c2’ ¢ \/p? ( )
After some bookkeeping it follows that Hs can be written as a 2D Helmbholtz operator
Ho =k + 0004 (A7)



(Wapenaar and Berkhout, 1989; de Hoop, 1992), with the scaled wavenumber kg obeying
W 3(9ap)(9ap) , (9adap)

kg = A8
ST 2 4p? 2p (A8)
(Brekhovskikh, 1960). We now rewrite operator matrix A as
0 ,
A:< T %(;p) (A9)
iwy/p "2 p

The decomposition of this matrix is not unique. Flux-normalized decomposition is discussed by de Hoop (1996) and Wapenaar
(1996b). Here we discuss a symmetric form of pressure-normalized decomposition, modified after Wapenaar and Berkhout
(1989). We decompose the matrix as follows

A =LHL !, (A10)

with
/s 1 1 g6\ 1

Lo ok ) me (0 ] ( 5&7;;;)_1) | A1)
Here

Hi = Vit 5, (A12)
where 7 is the square-root of the Helmholtz operator, according to

HiH1 = Ha. (A13)
We decompose the wave vector g and the source vector d as follows

g=Lp, p=LT'q, (Al4)

d=Ls, s=L74d, (A15)
with

~(pt (st
p= <p‘> ;8= <S_> . (Al6)

Substitution of Egs. (A14) and (A15) into the matrix-vector wave equation (A1), using Eq. (A10), yields

Osp=Bp+s, (A17)
with
B=H-L 'L, (A18)
or
S -1 S s -1 S
o, (p*) _ (zHl 0 ) (p*) _ 1( (5H1) 7133(%7%1) —(%HQl 03(27%1)) (p*) N (s*) (A19)
P 0 —iHi) \p 2\-(GH1) as(GH;)  (GH3) as(GH:) ) \p s

This is a system of coupled one-way wave equations for downgoing and upgoing waves, p* and p~, respectively. With the
definitions of q and p in Eqgs. (A2) and (A16), respectively, and L in Eq. (A11), it follows from Eq. (A14) that

p=p"+p~. (A20)

Hence, the decomposed fields p™ and p~ are indeed pressure-normalised downgoing and upgoing waves.



A3 Symmetry properties of the operators

For an operator U, containing space-dependent medium parameters and differential operators 0y and 05, we introduce its
transpose U* and its adjoint (i.e., complex conjugate transpose) U via

/(Uf)tgdwz/f(utg)dw (A21)
A A

and

/(Uf)*gdw=/f*(wg)dw7 (A22)
A A

where A is an infinite horizontal integration surface at arbitrary depth x3, and f(x) and g(«) are space-dependent functions
with sufficient decay along A towards infinity. For the Helmholtz operator Hs, defined in Eq. (A7), we have

HYy = Ho, (A23)
meaning H, is a symmetric operator. Since we consider a lossless medium, we also have
Hh = H3 = Ha, (A24)

meaning H; is also a self-adjoint operator.
The square-root operator H1, defined in Eq. (A13), is a pseudo-differential operator. It obeys the following symmetry prop-
erty

Hi ="M, (A25)
meaning H; is a symmetric operator (Wapenaar and Grimbergen, 1996). Ignoring evanescent waves, we have
HI =HI~H,. (A26)

Hence, this operator is not self-adjoint. In the following we replace approximation signs by equal signs whenever the only
approximation is the negligence of evanescent waves. Operator H;, defined in Eq. (A12), obeys the following symmetry
properties

S t S
(3HD) = M5, (A27)
(i)' = o 25
From these symmetry relations, we find that L, defined in Eq. (A11), obeys the following properties
0 =2(ins 0 —2(1943)
LtNL:( : 56 1)>:<2( , oM (A29)

2(5H) 0 1943) 0

and, ignoring evanescent waves,

2 lfHS) 0 Z(LHS)T 0
LTKL:(”(” ! g)z wie 7 (A30)
0 —Z(H}) 0 —2(iu)

with

0 1 0 1
N:(_1 o)’ K:(1 o)' (A31)



A4 Decomposition of the surface integrals

For the surface integrals along S appearing in Egs. (S18) and (S19) we introduce the following compact notation (using
1

70,03p = v3)

wp

1
/@{PA@SPB) —(33PA)PB}d-’B=/qu‘IBd$ (A32)
SA SA
and
1
/ m{pi((‘?gp]a) — (O3pa)pB }dx = / qiKqpdz, (A33)
SA SA

respectively. With the decomposition of g defined in Eq. (A14), the properties of L formulated in Egs. (A29) and (A30), and
the definition of p in Eq. (A16) we obtain

2 s — — s
/ququm = /ngtNLdem = 7/;(pX(%”H1)th —pA(%Hl)tpg)dm (A34)
Sa Sa Sa
and, ignoring evanescent waves,
2 * s — % S —
/qI\Kquﬂ'3 = /pTAL*KLdew = /5 (PR GHD L —pa” (GHY) Ipg ) dee. (A35)
Sa Sa Sa
Assuming that in state A there are no vertical derivatives of the medium parameters at S, we find from Eq. (A19)
Dsps = +iHipE  at Sa. (A36)

Using this in Eqgs. (A34) and (A35) and substituting the results into Eqs. (A32) and (A33), we obtain

1 2 _ _
/ m{pA(a?)pB) — (83pa)ptde = — / o ((Bspi{)pg + (33pA)p§)dw (A37)
SA SA
and, ignoring evanescent waves,
1 * * 2 +\k 4 —\% —
m{pA(a?)pB) — (0spy)pB}dx = — op ((33PA) pg + (03py) pB)dw. (A38)
SA SA

When Sy in Egs. (S18) and (S19) is also a horizontal surface, with n = (0,0, —1), we obtain (assuming that in state A there
are no vertical derivatives of the medium parameters at Sy)

-1 2
JE— — - = _— + = N +
/ iwp {pa(0spB) — (Ospa)ps}da / P ((5319A )pg + (03p4 )P ) da (A39)
So SO
and, ignoring evanescent waves,

—1 2
/@{PZ((%PB)*(33PZ)PB}d$:/m((aspz)*pg+(5'3PX)*P1§)(13’3~ (A40)

So SO



A5 Decomposition of the volume integrals

Assuming both Sy and Sp are horizontal surfaces, we introduce the following compact notation for the volume integrals in
Eqgs. (S18) and (S19)

/{pAqB —qapplde = /(df;NqB + q\Ndg)dx (A41)
Va Va

and
/ {pigs + ¢ipptda = / (d\Kgp + ¢\ Kdg)dz, (A42)
VA VA

respectively. With the decomposition of g and d defined in Egs. (A14) and (A15), the properties of L formulated in Egs. (A29)
and (A30), and the definition of p and s in Eq. (A16), we obtain

/ (d\Ngg + ¢\ Ndg)dz = / (syL'NLpg + p4 L'NLsg)dz
VA VA
2 s — — S S — — S
- _/ ~(SKGHDPs — s GH) ' +PAGHY)sp —pa (GH1)sh ) da (A3)
Va

DI

and, ignoring evanescent waves,

/ (d\Kgp + g\ Kdg)dz = / (shL'KLpg + p\ L'KLsp)dz
VA VA

2 * S —%k S - * S — % S —
=/;(8X GHD'pi = 52" GHD ps +p1" GHY)sg —pa" (GH)sp ) dar. (A44)
Va

From s = L~'d, and the definitions of d, L~! and s in Eqgs. (A2), (A11) and (A16), we find

9 -1
st = i(—?—[‘f) ¢ (A45)
wp
We define new decomposed sources ¢ and g ~, according to
2 .
gt = i—?—[isi. (A46)
wp
Using this definition in Eqs. (A43) and (A44) and substituting the results in Egs. (A41) and (A42), we obtain
/ {pags — qapp}de = / (PAds +DPads —dAPE — daps)de (A47)
VA VA

and, ignoring evanescent waves,

/ {rias + gips}de = / (pX*a +pa"ag +ai Pl 4y pg ) de. (A48)
VA VA

10
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