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Abstract. Darley Dale and Pennant sandstones were tested

under conditions of both axisymmetric shortening and ex-

tension normal to bedding. These are the two extremes of

loading under polyaxial stress conditions. Failure under gen-

eralized stress conditions can be predicted from the Mohr–

Coulomb failure criterion under axisymmetric shortening

conditions, provided the best form of polyaxial failure cri-

terion is known. The sandstone data are best reconciled us-

ing the Mogi (1967) empirical criterion. Fault plane orien-

tations produced vary greatly with respect to the maximum

compressive stress direction in the two loading configura-

tions. The normals to the Mohr–Coulomb failure envelopes

do not predict the orientations of the fault planes eventually

produced. Frictional sliding on variously inclined saw cuts

and failure surfaces produced in intact rock samples was also

investigated. Friction coefficient is not affected by fault plane

orientation in a given loading configuration, but friction coef-

ficients in extension were systematically lower than in com-

pression for both rock types. Friction data for these and other

porous sandstones accord well with the Byerlee (1978) gen-

eralization about rock friction being largely independent of

rock type. For engineering and geodynamic modelling pur-

poses, the stress-state-dependent friction coefficient should

be used for sandstones, but it is not known to what extent

this might apply to other rock types.

1 Introduction

The Mohr–Coulomb failure criterion is widely applied to the

description of intact rock failure and to the description of

rock-on-rock frictional sliding (e.g. Byerlee, 1978; Al-Ajmi

and Zimmerman, 2006; Rutter and Glover, 2012). It assumes

that failure occurs at particular combinations of the greatest

and least principal stresses, that the intermediate principal

stress has no effect on failure and that failure criteria can be

set out in terms only of the stress state, without any con-

sideration of the state of strain or the deformation mecha-

nisms at work that lead to failure. It is easy to adapt to many

geomechanical modelling problems and it is widely applied

to problems that involve polyaxial loading (e.g. Vernik and

Zoback, 1992; Castillo et al., 2000), often because nothing

otherwise is known about the behaviour of particular rocks

under polyaxial stress conditions. There are many applica-

tions that demand knowledge of failure or frictional sliding

under generalized stress conditions. These include modelling

reservoir or cap rock behaviour, or the estimation of far-field

stresses from borehole breakout geometry, but the uncriti-

cal application a Mohr–Coulomb failure criterion based on

only uniaxially symmetric shortening experiments can result

in significant errors (Song and Haimson, 1997).

Experiments on the strength of two porous sandstones and

on the orientation of the fault plane produced are described

here to evaluate the generality of the Mohr–Coulomb cri-

terion under the extreme conditions of axially symmetric

shortening and axially symmetric extension. In the former,

the intermediate principal stress σ2 equals the least principal

stress σ3, and in the latter instance the intermediate principal
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Figure 1. Compilation of friction data for (mainly crystalline) rocks

up to a normal stress of 800 MPa by Byerlee (1978). In this pressure

range there is no basis for recognizing two pressure regimes rep-

resented by different friction coefficients. Data are also shown for

various other sandstones, from Rutter (for Berea sandstone, unpub-

lished), Menéndez et al. (1996), Mair and Marone (1999), Numelin

et al. (2007) and Scott and Nielsen (1991a, b), plus Pennant and

Darley Dale sandstones (this study). Collectively, the sandstones

display a slightly lower friction coefficient (0.718) than the crys-

talline rocks (0.779).

stress equals the greatest principal stress σ1. Colmenares and

Zoback (2002) compared a number of different failure crite-

ria using published experimental data obtained under polyax-

ial stress conditions, but with σ2 closer to σ3 than to σ1. These

results served to show that variations in the magnitude of σ2

can significantly affect failure and the criteria used to de-

scribe it, but they also emphasize the increasing sensitivity

of results to the magnitude of σ2 as σ2 approaches σ1 and,

hence, the importance of obtaining data that extends to in-

clude the axisymmetric extension end-member condition.

Rock-on-rock sliding friction is defined in terms of the ef-

fective stress normal to the sliding surface and to the shear

stress resolved in the direction in which sliding occurs (By-

erlee, 1968, 1978). It is therefore a 2-D criterion and fric-

tion is generally assumed not to depend on the intermediate

principal stress. Rock-on-rock sliding friction is important

to geomechanical modelling because it limits the differential

stresses that can be obtained at any given depth in the up-

per crust of the Earth. From a compilation of friction data

for a wide range of rock types, Byerlee (1978) suggested

that it is a property that is, to a useful approximation, in-

dependent of rock type (Fig. 1). These characteristics of fric-

tion as a rock property have been widely applied to devel-

oping understanding of crustal stresses and rock rheology

(e.g. Goetze and Evans, 1979; Kohlstedt et al., 1995; Zoback,

2007). To test these generalizations, frictional measurements

were therefore made on these same two sandstones under

both axially extensional and compressional loading config-

urations and with variously oriented saw cuts made in the

rock cylinder.

2 Rock types and experiments performed

Two quartz sandstones of different porosities were used.

The first, Pennant sandstone, is an Upper Carboniferous

quartz sandstone from South Wales (Kelling, 1974). This

grey, durable rock is available from stone merchants in

large homogeneous blocks and is used as a kerbstone and

paving stone. Modal composition (by chemical mapping on

the scanning electron microscope) is 70 % sutured quartz

grains and 15 % feldspar; interstices between these grains are

filled with clusters of muscovite, oxides and clay minerals,

with a small amount of remaining porosity, 4.57 %± 0.23 %

(1 standard deviation, SD). Porosity was determined both

by gravimetry and helium porosimetry. Quartz grain size

(Fig. 2a) is 200± 90 µm (1 SD). Bedding traces are hard to

detect (Fig. 2a).

The second, Darley Dale sandstone, is an Upper Carbonif-

erous quartz sandstone from Derbyshire, England. This yel-

low decorative stone has previously been widely used in rock

mechanics investigations (e.g. Zhu and Wong, 1997; Heap

et al., 2009 amongst others). It is available from stone mer-

chants as large, homogeneous blocks. It consists of 67 %

quartz, 16 % feldspar and 3 % detrital muscovite and clay

minerals. Porosity is 13.5 %± 1 %. Bedding is only weakly

apparent in the block used. Quartz grain size (Fig. 2b) varies

widely 400± 250 µm.

The permeability k (m2) of Darley Dale sandstone

to water, normal to bedding, was reported by Zhu and

Wong (1997) and is sensitive to effective confining pres-

sure Pe (MPa, defined as confining pressure – pore pressure),

given by

log(k)=−0.878log(Pe)− 12.8. (1)

Thus permeability decreases from 10−13.2 m2 at 3 MPa ef-

fective pressure to 10−14.6 m2 at 100 MPa effective pressure.

The permeability of Pennant sandstone to argon gas was

measured normal to bedding during the course of the present

study using the oscillating pore pressure method (Bernabé et

al., 2006) over the effective pressure range 1 to 70 MPa and

is much lower than that of Darley Dale sandstone. It is best

described by

logk =−0.0113Pe− 18.2. (2)

Thus permeability decreases from about 10−18.2 to 10−19 m2

over an effective pressure range from 1 to 70 MPa. Effective

pressure change produced by varying pore pressure at con-

stant confining pressure has the same effect on permeability

as changing confining pressure at constant pore pressure. The
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Figure 2. Back-scattered electron images showing microstructure of (a) Pennant and (b) Darley Dale sandstones. Both rocks are dominated

by quartz grains (mid-grey). Clay and muscovite partially (b) or wholly (a) fill interstitial spaces. There is a weak grain shape fabric (grain

long axes horizontal) in the Pennant sandstone. Porosity appears black. Bedding trace is horizontal in both cases.

permeability of this rock is as low as that of many shales – it

is a tight sandstone – and this is an important consideration if

pore fluid pressure is applied. The porosity differences have

a major impact on the relative cohesive strengths of these

rocks.

As part of specimen characterization, acoustic velocity

measurements were made under unconfined conditions nor-

mal (Vc) and parallel (Va) to bedding. The Darley Dale

sandstone was nearly isotropic (Vc = 2.72 km s−1; Va =

2.71 km s−1) but the Pennant sandstone displayed a velocity

anisotropy of 7.5 % (Vc = 2.91 km s−1; Va = 3.38 km s−1).

In both cases there was no significant velocity variation

in the plane of bedding (transverse isotropy). Anisotropy

is expected to decrease with increasing confining pressure,

and acoustic anisotropy does not necessarily correlate with

strength anisotropy, which was not investigated during the

course of this study.

For mechanical tests, cores of either 20 or 15 mm nomi-

nal diameter were taken normal to bedding from both rocks

and ground to a length: diameter ratio of 2.5 : 1. For tests

on rock-on-rock frictional sliding on saw cuts, inclined pla-

nar cuts were made across samples at either 35, 45 or 55◦ to

the cylinder axis, and the surfaces were ground to a 16 µm

surface finish. Prepared samples were dried and kept in an

oven at 60 ◦C until use. All tests reported were performed

in this dried state without pore pressure, and all tests on saw

cut specimens were performed without any fault gouge in the

sliding plane.

Samples were jacketed in an inner sleeve, 3 mm thick, of

soft silicone rubber and an outer sealing jacket of heat-shrink

tubing. Tests were carried out that showed the jacketing ar-

rangements did not support any significant differential stress

(0.1 MPa or less). To permit testing in extension, a bayonet

connector was used on the lower loading piston to allow the

axial load to be reduced as the upper loading piston was with-

drawn (Fig. 3). This arrangement was first described and used

Figure 3. A jacketed sample with a 45◦ pre-cut. Around the sam-

ple is a 3 mm (wall thickness) soft silicone rubber sleeve to min-

imize the risk of the sliding parts puncturing the outer jacket that

seals against ingress of confining pressure fluid. On the left is the

bayonet connector that allows samples to be tested in axisymmetric

extension as well as in axisymmetric shortening. Scale divisions are

1 cm.

by Heard (1960, 1963, 1972). Thus specimens are tested in

axisymmetric extension (not tension), in which the radial hy-

drostatic confining pressure provides the maximum (and in-

termediate) principal stresses, and the axial stress becomes

σ3.

The apparatus used employs a synthetic hydraulic oil (Re-

olube DOS synthetic ester) whose viscosity is relatively in-

sensitive to hydrostatic pressure over a range of more than

400 MPa. Axial load was measured using an internal load cell

that permitted stress measurements to an accuracy of better

than 0.5 MPa. Axial loading and confining pressure regula-

tion was achieved by computer-controlled electromechanical

servo-systems.

As a means of testing rock frictional sliding, the use of an

inclined saw cut is imperfect. If confining pressure is kept

constant and axial load is increased, as the resolved shear

stress increases so too does the resolved normal stress. This

means that any tendency towards displacement hardening

during sliding will be exacerbated, and the shear and nor-
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Figure 4. Summary of results of experiments on intact rock cylinders in axisymmetric extension and shortening, for ultimate strength and

residual strength (frictional sliding on fault plane formed). Data are shown as differential stress versus mean stress and as resolved normal

and shear stress on the fault plane orientation for each rock type. Shear stress and differential stress are shown as negative for extension tests.

Errors of measurement are generally smaller than the size of the points plotted.

mal stresses will migrate along the frictional sliding line as

the test progresses. The problem can be overcome by servo-

controlling the confining pressure so that the resolved normal

stress on the slip surface is kept constant. This was done in

the most of the present experiments.

A second problem is that the displacement of the two

halves of the specimen changes the surface area of contact

across the slip plane. Opinions vary about how to deal with

this effect, but if friction is measured at 0 or small displace-

ment of the forcing blocks relative to each other, the effect is

minimized. This is feasible particularly in the case of sliding

tests on 45◦ saw cut specimens, because the specimen can

be slid back and forth many times under constant resolved

normal stress, and the shear stress can be measured at the

zero displacement point when the whole slip plane area is in

contact with its other half.

A third problem is that sideways displacement of the spec-

imen halves induces a bending moment in the axial column,

which increases both the normal and shear stress resolved

across and along the slip surface. The problem was anal-

ysed by Mackwell and Paterson (2002). The additional lat-

eral force across the specimen, P , as a result of elastic flex-

ure of the axial column of diameter d and length L is given

by

P = 3πs sin(θ)E d4/(128L3), (3)

in which s is the shearing displacement on a shear surface in-

clined at angle θ to the maximum compressive stress and E

is the Young’s modulus of the column. This can be resolved

as an additional normal and shear stress acting across and

parallel to the sliding surface. In the apparatus used this is

expected to have only a small effect on the stresses on the

sample, but the effect can be minimized if friction is mea-

sured at close to zero slip offset.

3 Experimental results

The results of all mechanical tests are summarized in Ta-

bles 1 and 2. Intact cylinders of both sandstones were tested

until shear failure both in axisymmetric extension and in

shortening, and displacement was continued so that the resis-

tance to frictional sliding on the fault plane produced could

be established. A second suite of tests was performed on saw

cut samples to determine friction coefficients in both exten-

sion and shortening.

3.1 Tests on intact rock cylinders

Figure 4 shows results for intact cylinders in extension and

shortening for both rock types, as differential stress at fail-

ure versus mean stress (to permit meaningful comparison

between shortening and extension tests) and also as shear
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Figure 5. Some of the results for ultimate strength of Pennant and Darley Dale sandstones in extension and shortening expressed as Mohr

circles at failure. Also shown are resolved normal and shear stresses at the point of failure on the fault planes that formed, the orientations of

which are half of the angle subtended by the dashed lines with the abscissa. The Mohr envelopes are not shown, but they would lie at higher

stresses than the best fits to the resolved stresses on the incipient fault planes. Fault angles are systematically larger in shortening than in

extension, and the angles subtended by the normals to the Mohr envelopes are approximately half-way between these extremes.

Figure 6. Photographs of fresh faults in shortened cylinders of

(a) Darley Dale sandstone (DDa18 at 30 MPa confining pressure),

(c) Pennant sandstone Pen23 at 40 MPa and extended cylinders

(b) Darley Dale sandstone DDa19 at 250 MPa and (d) Pennant sand-

stone Pen38 at 300 MPa confining pressure. Samples are still in

their heat-shrink rubber jackets. Fault planes and shear senses are

indicated. In shortened samples faults make larger angles with the

maximum stress than in extended samples.

stress resolved along the plane of the fault produced versus

resolved normal stress. Figure 5 shows experimental results

for intact rock failure expressed as Mohr circles and also

compared to shear stress at peak strength resolved along the

fault plane produced versus resolved normal stress. The an-

gles of the fault planes produced, with respect to σ1 (Figs. 5

and 6), are systematically larger in shortening than in exten-

sion. The failure envelope defined by the peak resolved nor-

mal and shear stress on the fault planes produced lies slightly

lower than that defined by the envelope of the Mohr circles

(Fig. 5). Thus the normal to the Mohr envelope does not suc-

cessfully predict the fault plane angles, but the predicted fault

angle lies somewhere between the extremes of the fault an-

gles actually produced in shortening and extension. Figure 4

also shows that the coefficient of friction on freshly produced

fault surfaces is smaller in extension than in shortening for

both rock types. For Pennant and Darley Dale sandstones it

is 0.71 and 0.89 in compression and 0.58 and 0.50 in exten-

sion respectively, both ±0.01.

Preparatory to the formation of the fault plane, intact rock

samples tend to develop arrays of intragranular cracks that

form parallel to maximum compressive stress. To determine

whether some systematic refraction of σ1 might explain the

different orientations of the fault planes in extension and

shortening, axial crack orientations were mapped on pho-

tomicrograph composites. Examples are shown in Fig. 7 for

extended and shortened samples. Maximum principal stress

trajectories in shortening tend to remain parallel to the speci-

men length, whilst refraction of σ1 trajectories towards the

fault plane develops in extended samples (Fig. 7). This is

counter-intuitive and does not explain the differences in fault

plane orientations between extension and shortening. The

same effect has previously been reported by Mogi (1971) and

later in a more comprehensive study by Haimson and Rud-

nicki (2010), who were able to explore it over a wider range

of polyaxial stress states.

3.2 Tests on saw cut samples

Where possible, saw cut samples were tested both in exten-

sion and shortening. There was no difference in the fric-
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Figure 7. Optical photomicrographs (crossed polars with gypsum plate) of faulted, initially intact samples of Darley Dale sandstone (a)

DDa9 (30 MPa confining pressure, shortening) and (b) DDa13 (170 MPa confining pressure, extension). In each case the cylinder long axis

is vertical and intensely granulated material has been lost from the fault zone in the sectioning process. Axial transgranular extension cracks

have formed in the grains adjacent to the fault zone and these reveal the local orientation of maximum compressive stress σ1. In (a) the σ1

direction remains parallel to the cylinder axis, at a high angle to the fault plane. In (b) the σ1 direction is locally refracted towards the fault

plane, which makes a relatively small angle with the far-field σ1 direction.

Table 1. Tests on intact rock cylinders. Fault angle is measured from cylinder axis. Axial displacement rate is 0.05 mm min−1. Shear stresses

are negative in extension.

Test # Test type Fault Principal stresses at failure Frictional sliding stress Friction

comp/ext angle Max (MPa) Min (MPa) Normal (MPa) Shear (MPa) coeff.

Pennant sandstone

Pen4 comp 31 412.5 50 75.4 42.3 0.561

Pen5 comp 31 335 30 52.3 37.1 0.709

Pen6 comp 30 274 20 39 32.9 0.844

Pen8 comp 31 203 10 21.9 19.9 0.905

Pen10 comp 31 409 40 68.7 47.7 0.695

Pen23 comp 30 382 40 75 60.6 0.808

PN1 comp 15 175.3 5 7.2 8.4 1.15

Pen38 ext 73 300 15 107 −59 0.551

Pen43 ext 72 340 28 121.1 −71.1 0.587

Pen42 ext 70 350 30 133.7 −78.7 0.589

Pen41 ext 76 266.6 6.6 82.1 −46 0.561

Darley Dale sandstone

Dda6 comp 36 256 50 97 64.7 0.667

Dda8 comp 35 119 10 23.8 19.7 0.829

Dda9 comp 36 164.5 20 39.5 26.9 0.68

Dda18 comp 36 199.5 30 61.4 43.3 0.704

Dnn1 comp 24 95.2 5 9.2 9.4 1.02

Dda10 ext 78 100 12 30.7 −19.87 0.647

Dda11 ext – 100 2.5 – – –

Dda12 ext – 60 3 – – –

Dda13 ext 74 200 27 76.18 −35.5 0.466

Dda14 ext 74 190 22.5 66.17 −35.51 0.536

Dda15 ext 74 170 21.5 55.88 −32.72 0.586

Dda20 ext 70 250 46 104.3 −55.03 0.508

Dda21 ext 69 300 58 130.04 −65.24 0.502

Dnn2 ext 73 150 20.5 63.49 −26.45 0.417
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Table 2. Frictional sliding data and saw cut specimens, with an axial displacement rate= 0.05 mm min−1. All tests displayed stable sliding.

Saw cut angle is measured from cylinder axis. Shear stresses are negative in extension.

Test # Test type Shorten/ Saw cut Normal Shear Friction Comment

extend angle stress stress coeff.

(MPa) (MPa)

Pennant sandstone

Pa1a1 Const σn comp 45 34.4 22.4 0.651

Pa1a2 Const σn comp 45 71.1 44.3 0.623

Pa1b2 Const σn comp 45 69 45.9 0.665

Pa2a1a Const σn comp 45 34.4 22.4 0.651

Pa2a1b Const σn comp 45 71.1 44.3 0.623

Pa2a4 Const σn comp 45 183.5 114 0.621

Pa2a5b Const σn comp 45 46.8 31.5 0.595

Pa2a5c Const σn comp 45 52.9 12.8 0.601

Pa3a Const σn comp 45 63.9 44 0.635

Pen2 Const σn comp 45 35 49.2 0.711

Pen2a Const σn comp 45 68.5 98.4 0.696

Pen2b Const σn comp 45 104.25 150.85 0.691

Pen13 Const σn comp 35 33.83 49.79 0.679

Pen13b Const σn comp 35 68.6 98.63 0.695

Pa1a1 Const σn ext 45 34.4 −18.5 0.538

Pa1a2 Const σn ext 45 71.1 −37.3 0.525

Pa1b2 Const σn ext 45 69 −29.25 0.424

Pa2a1a Const σn ext 45 34.4 −18.5 0.538

Pa2a1b Const σn ext 45 71.1 −37.3 0.525

Pa2a5a Const σn ext 45 46.8 22.5 0.481

Pa2a5b Const σn ext 45 52.9 −25.1 0.474

Pa2a5c Const σn ext 45 21.3 −10.1 0.474

Pa3a Const σn ext 45 69.3 −38.1 0.549

Pen13 Const σn ext 35 49.89 −24.14 0.484

Pen13b Const σn ext 35 98.31 −55.11 0.561

Pen11g Const σn ext 55 37.42 −16.7 0.446

Pen11b Const σn ext 55 73.87 −35.66 0.483

Pen11 Const σn ext 55 113.17 −50.23 0.444

Pen11d Const σn ext 55 49.94 −18.23 0.365

Darley Dale sandstone

Dda1 Const σ3 comp 35 34.19 23.16 0.679

Dda1b Const σ3 comp 35 67.88 45.53 0.671

Dda2a Const σ3 comp 45 55.2 35.1 0.636

Dda2b1 Const σn comp 45 100.65 67.95 0.675

Dda2e Const σn comp 45 97.2 64.8 0.667

Dda2f Const σn comp 45 154.1 96.35 0.625

Dda3a Const σn comp 45 50 36.8 0.736

Dda3b Const σn comp 45 101.1 67.5 0.668

Dda3c Const σn comp 45 151.25 93.65 0.619

Dda4a Const σn comp 35 49.78 34.53 0.694

Dda4c Const σn comp 35 49.36 35.93 0.728

Dda4e Const σn comp 35 99.34 68.18 0.686

Dda5a Const σn comp 35 91.62 59.3 0.647

Dda5c Const σ3 comp 35 94.97 64.09 0.675

Dda5e Const σ3 comp 35 180.08 114.22 0.634

Dda6 Const σ3 comp 36 97.16 64.77 0.667 new fault

formed

Dda7 Const σ3 comp 35 90.8 58.12 0.64

Dda16 Const σn comp 55 50.84 33.22 0.653

Dda2b Const σn ext 45 55.8 −24.9 0.446

Dda2c Const σn ext 45 101.17 −46.83 0.463

Dda2d Const σn ext 45 99.2 −49.8 0.502

Dda3c1 Const σn ext 45 98.7 −48.5 0.491

Dda3c2 Const σn ext 45 146.75 −78.35 0.534

Dda4b Const σn ext 35 42.2 −22.18 0.526

Dda4d Const σn ext 35 42.85 −18.93 0.442

Dda5b Const σ3 ext 35 31.1 −17.57 0.565

Dda5d Const σ3 ext 35 32.05 −16.68 0.52
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Figure 8. Shear stress versus shear displacement curves for Pennant

sandstone sample Pa1a1 saw cut at 45◦, sheared at constant normal

stress first in shortening and then in extension.

tion coefficients calculated as resolved τ/σn , irrespective

of whether extensional or shortening loading was applied

first. Figure 8 shows an example of a specimen of Pennant

sandstone alternately sheared in extension and shortening un-

der constant resolved normal stress. After repeated shearing

of these relatively smooth, asperity-free surfaces, very little

damage to the surface was noted, and there was no signif-

icant accumulation of rock flour (fault gouge) on the fault

planes. In all tests stable sliding occurred, without stick-slip.

No measurements were made of frictional response to sliding

velocity stepping.

For some combinations of saw cut angle and rock type,

the formation of fresh fault surfaces was observed rather

than frictional sliding on an unfavourably oriented saw cut

plane. This happens when the cohesive strength of the in-

tact rock is too low. The cohesive strength of Darley Dale

sandstone is about 55 % of that of Pennant sandstone; hence

Pennant sandstone is better for minimizing this effect. These

observations were entirely in accord with expectations from

the Mohr–Coulomb description of rock failure and frictional

sliding.

Figure 9 shows a compilation of frictional behaviour for

both rock types tested both in extension and in shortening,

as well as over the range of all three saw cut angles used.

Frictional sliding behaviour on faults produced from failure

of intact rocks is shown in Figs. 4 and 5 and reproduced for

comparison with saw cut data in Fig. 9. For both rock types

the coefficient of sliding friction is not influenced by the ori-

entation of the saw cut and is within 2 SD the same as for

a freshly faulted surface. It is striking, however, that in all

cases the coefficient of sliding friction is smaller in exten-

sion than in shortening by about 25 %. In shortening, the

coefficients of sliding friction for Darley Dale and Pennant

sandstones are respectively 0.653 and 0.685. Combined they

are 0.661± 0.007 (1 SD). In extension they are respectively

0.502 and 0.529. Combined they are 0.516± 0.007 (1 SD).

4 Discussion of results

4.1 Rock failure under polyaxial stresses

Axisymmetric shortening and extension represent the two

end-member stress configurations for polyaxial loading, re-

spectively σ2 = σ3 and σ2 = σ1. Several studies have been

made of rock failure under more general polyaxial stress

states, σ1 6= σ2 6= σ3 (e.g. Handin et al., 1967; Mogi, 1967,

1971; Kern and Karl, 1969; Reches and Dieterich, 1983;

Takahashi and Koide, 1989; Song and Haimson, 1997;

Chang and Haimson, 2000; Haimson and Chang, 2000, 2002;

Smart, 1995), and there have been many reanalyses of such

previously published data in attempts to find the most appro-

priate failure criterion to describe them (e.g. Colmenares and

Zoback, 2002; Al-Ajmi and Zimmerman, 2005, 2006; You,

2009; Kwaśniewski, 2012, 2013) and applications of these

criteria to problems such as the estimation of far-field stresses

from the analysis of hydraulic fractures and borehole break-

outs (e.g. Haimson and Song, 1993; Lee and Haimson, 1993;

Ajmi and Zimmerman, 2005, 2006; Colmenares and Zoback,

2002). Failure criteria employed fall into those that are based

on attainment of a critical value of a function of stress invari-

ants versus wholly empirical criteria. A given criterion can

work well for one rock whilst a different criterion may be

better for another rock type.

The compilation and statistical analysis of polyaxial fail-

ure data by Colmenares and Zoback (2002) show (a) that for

most polyaxial strength data the intermediate principal stress

lies closer to σ3 than to σ1 and (b) that the applicability of a

given criterion would be particularly sensitive to results ob-

tained with σ2 = σ1. There are relatively few data available

for the strength of brittle rocks under axially symmetric ex-

tension (σ2 = σ1). When there are only axisymmetric com-

pression and extension data available, as in the present study,

one may use the axisymmetric compression data for partic-

ular generalized failure criteria to predict the axisymmetric

extension behaviour using a particular failure criterion and

to compare the prediction with the experimental results. For

Darley Dale and Pennant sandstones, for example, we com-

pare the predictions of the modified Lade criterion (Lade,

1977; Colmenares and Zoback, 2002) with the Mogi (1967)

empirical criterion.

4.2 The modified Lade criterion

This is an example of a failure criterion that postulates that

failure occurs when some function of the stress invariants

reaches a critical value (Lade, 1977; Ewy, 1999):

(I ′1)
3/I3 = 27+ η, (4)
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Figure 9. Frictional sliding data on saw cuts (including saw cut angles 35, 45 and 55◦ to the cylinder axis of the sample) and freshly

faulted surfaces for Darley Dale and Pennant sandstones. For both rock types, friction coefficient in shortening is about 25 % greater than in

extension.

where

I ′1 = (σ1+ S)+ (σ2+ S)+ (σ3+ S); I3 = σ1σ2σ3 (5)

and

S = So/ tanϕ;η = 4(tanϕ)2 (9− 7sinϕ)/(1− sinϕ). (6)

So is the cohesive strength and ϕ is the angle of internal fric-

tion from axisymmetric shortening tests. For each rock type a

standard Mohr–Coulomb linear fit to the axisymmetric short-

ening tests was obtained, of the form

σ1 = a+ bσ3, (7)

in which a is the unconfined compressive strength and

b = (1+ sin ϕ)/(1− sin ϕ). For each of the axisymmetric ex-

tension tests performed, the least stress at failure (σ3, the ax-

ial stress) was applied to Eq. (1) to find the corresponding

value of σ1 that would apply in an axisymmetric shorten-

ing test. These values were then applied to the failure crite-

rion iteratively, keeping σ3 constant, so that the expected val-

ues of σ2 = σ1 in the case of axisymmetric extension could

be calculated for comparison with the measured values and

hence to obtain the expected shape of the failure curve in the

polyaxial stress region. The results of these calculations are

shown in Fig. 10. The predicted stresses at σ2 = σ1 show that

failure in extension is expected to occur under higher differ-

ential stresses than in shortening, particularly at higher min-

imum stress values, but the predictions substantially overes-

timate the observed values for both Pennant sandstone and

Darley Dale sandstone.

4.3 The Mogi (1967) empirical criterion

Mogi (1967) proposed a modified form of the Mohr–

Coulomb criterion to describe his data in terms of maximum

shear stress and a modified expression for the normal stress

across the hypothetical failure plane, increased by a fraction

(β) of σ2:

(σ1− σ3)/2=m((σ1+βσ2+ σ3)/2)
n. (8)

m and n are empirically determined parameters that can be

found such that the best-fit curves for respectively the short-

ening and extension data coincide. This has been done for

Darley Dale and Pennant sandstones in Fig. 11, and the re-

sultant fits are shown in Fig. 12 in σ1 versus σ2 coordinates.

This criterion causes failure in extension to occur at a higher

differential stress than in shortening, but there is only a minor

enhancement of differential stress for intermediate values of

σ2. The values of σ2 at failure in extension predicted from the

compression data correspond quite well with the measured

values (Fig. 12).

Data for Shirahama sandstone (Takahashiu and Koide,

1989; porosity= 11 %, mean grain size 0.15 mm), the only

data for a porous sandstone reviewed by Colmenares and

Zoback (2002) and which might be compared with Darley

Dale and Pennant sandstones, are also described quite well

by this criterion (Fig. 13). The three fit parameters, m, β

and n, are very similar for all three sandstones. For Shira-

hama sandstone m= 2.27, n= 0.810 and β = 0.06, and for

the other sandstones the values are shown in Fig. 11. The

Shirahama sandstone data do not, however, extend as far as

either the axisymmetric compression or the axisymmetric ex-

tension conditions. In this respect the curves shown are best

fits to the failure criterion for the data available and are not

precisely of the same significance as the curves shown in

Fig. 12. It can be seen that the best-fit curves are imperfect,

because the residuals are not uniformly distributed about the

individual best-fit curves. Nevertheless, they provide a useful

description of the data.
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Figure 10. Test of how well the modified Lade polyaxial failure criterion predicts the results of extension tests from the Mohr–Coulomb

description of the shortening tests for Pennant and Darley Dale sandstones. Dashed lines link experimental results for specific extension tests

to the expected σ1 values in shortening for the same value of σ3. For each such value of σ3 (indicated) the expected failure point in extension

is calculated (on the σ1 = σ2 line), plus the shape of the failure criterion for intermediate values of σ2. In both cases the modified Lade

criterion overestimates the observed axisymmetric extension result for the higher values of σ3.

Figure 11. Fits to failure data for Pennant and Darley Dale sand-

stones for β values that bring the shortening and extensional data

onto common curves. Maximum shear stress= (σ1− σ3)/2 and

modified mean stress= (σ1+βσ2+ σ3)/2. β for Pennant sandstone

is 0.09 and for Darley Dale sandstone is 0.01.

Mogi (1971) also proposed a failure criterion that is a gen-

eralization of the von Mises yield criterion:

τoct =m((σ1+ σ3)/2)
n, (9)

where τoct is the octahedral shear stress. This criterion pre-

dicts no strengthening under extensional relative to shorten-

ing loading conditions and, depending on the best-fit param-

eters, can predict two different values of σ1 for a range of

values of σ2 and σ3. This is physically impossible and arises

because the curves for constant values of σ3 take the form

of inclined ellipse sectors with positive slopes at each end

of the σ3 range. For these reasons we have not explored this

criterion further.

4.4 Role of anisotropy of rock strength

There has generally been a lack of attention to the possible

role of strength anisotropy in the determination of failure cri-

teria under polyaxial stress states. Dehler and Labuz (2007)

reported axisymmetric extension and shortening test data for

Berea sandstone (22 % porosity, acoustic anisotropy at atmo-

spheric pressure 1 %) at confining pressures up to 5 MPa, on

samples cut with a cylinder axis both normal and parallel to

bedding. Their data did not show any influence of bedding

orientation on strength beyond the effects of experimental

variability. Nevertheless, for rock types that are significantly

mechanically anisotropic it may prove impossible to separate

the influence of anisotropy from obtaining a failure criterion.

This is because the orthorhombic symmetry of the stress ten-

sor combined with a different symmetry for strength varia-

tions arising from anisotropy means that, for example, equiv-

alent tests cannot be carried out, say, in extension and short-

ening. This is illustrated in Fig. 14 for the case of different

forms of transition from axisymmetric shortening normal to

bedding to axisymmetric extension, whilst keeping the bed-

ding orientation fixed. This may lead to different forms of
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Figure 12. Test of how well the Mogi (1967) polyaxial failure criterion predicts the results of extension tests from the Mohr–Coulomb

description of the shortening tests for Pennant and Darley Dale sandstones. Dashed lines link experimental results for specific extension tests

(inverted triangles) to the expected σ1 values in shortening for the same value of σ3. For each such value of σ3 (indicated) the expected failure

point in extension is calculated (small circles on the σ1 = σ2 line), plus the shape of the failure criterion for intermediate values of σ2. There

is a moderately good correspondence.

Figure 13. Polyaxial stress data at failure for Shirahama sandstone (Takahashiu and Koide, 1989) fitted by Colmenares and Zoback (2002)

to the modified Lade criterion (a) and the Mogi (1967) empirical criterion (b), contoured for the specific σ3 values shown. The data do not

discriminate well between the two criteria, but the Mogi (1967) criterion predicts higher differential stresses for axisymmetric extension,

which demonstrates the utility of constraining fits with axisymmetric extension data.

failure criteria being required for different rock types or even

for the same rock type.

A further well-known complication arises when rocks are

strongly anisotropic and the bedding/foliation plane (weak

plane) is variously inclined to the principal stress directions

(Jaeger, 1960; Donath, 1961; Smith and Cheatham, 1980;

Ambrose 2014). There is a range of bedding/foliation plane

orientations with respect to the principal stress orientations

such that shear failure with frictional sliding can occur pref-

erentially on the weak plane, even under simple loading con-

ditions such as axisymmetric shortening.

4.5 Rock friction

4.5.1 Comparison of sandstone rock friction in

shortening with the Byerlee generalization

The friction sliding coefficient from shortening tests on Dar-

ley Dale and Pennant sandstones can be usefully compared
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Figure 14. Illustration of different polyaxial loading test sequences

for a transversely isotropic rock with constant bedding/foliation

orientation. Relative lengths of arrows indicate relative values of

principal stresses. Potential fault plane orientations and slip senses

are indicated.

Upper pathway corresponds to that used in the present exper-

iments. Axial stress changes from maximum to minimum, and the

relative values of the principal stresses change with respect to the

transversely isotropic plane.

Lower pathway corresponds to the sequence that might be

employed in ‘true’ triaxial loading. Here, maximum stress can

always be normal to the plane of transverse isotropy, but contrac-

tional loading is applied across the foliation whereas in the upper

path constriction is parallel to the isotropic plane.

with the Byerlee (1978) generalization (often erroneously

termed “Byerlee’s law”) that rock friction is to a useful extent

independent of rock type. Figure 1 shows Byerlee’s compi-

lation of rock friction data from a wide range of rock types

up to a normal stress of 800 MPa, leaving out those materi-

als such as swelling clays and talc that are known to have

substantially lower friction coefficients. Despite the gener-

alization offered, it is apparent that even Byerlee’s compi-

lation shows significant variations in frictional behaviour,

especially at low stresses (see also Handin, 1969). At low

stresses there are also more data, which increases the likeli-

hood that a greater spread will be observed.

Our friction data for Darley Dale and Pennant sandstones

under axisymmetric shortening, together with friction data

for other porous sandstones, are also plotted in Fig. 1. These

clearly show a tight clustering about a friction coefficient

of 0.718, slightly lower than the 0.779 mean of the Byer-

lee compiled data fitted to one single friction line. The sand-

stone data therefore support the Byerlee generalization to a

useful extent, which might be applied to the modelling of the

behaviour of sandstone reservoirs. Rutter and Glover (2012)

also examined sandstone friction in relation to the Byerlee

generalization and argued that the critical state line, separat-

ing dilatant from compactive cataclastic deformation at high

pressures, is equivalent to the friction line.

4.5.2 Frictional behaviour in axisymmetric shortening

and extension tests

The experimental frictional sliding data in axisymmetric

shortening and extensional tests on Darley Dale and Pennant

sandstones showed that the friction coefficient is higher in

axisymmetric shortening than in extension. This is counter-

intuitive because friction coefficient is expected to be a 2-

D concept – the ratio of resolved shear stress in the slip

direction to the normal stress acting across the slip plane

and hence should not depend upon σ2. Further, unlike the

strengthening effect of increasing σ2 on intact rock failure

strength, the reverse appears to be true for frictional be-

haviour. It is not wholly clear why this should be, but we can

observe that the loading boundary conditions in our axisym-

metric extension and shortening tests are not entirely equiv-

alent. The free cylindrical surface of the rock sample is a

stress boundary condition because the load is provided by an

hydraulic fluid. However, the end load is applied through the

loading pistons, and axial strains induced through microc-

rack dilatation or through the Poisson’s ratio effect may mod-

ify the end stresses. We postulate that the radial constriction

in an extension test modifies the configuration of asperities

and fault-parallel, crack-like voids on the slip surface so that

the local stresses supporting the axial load are increased to

the extent that it becomes easier for the resistance to slid-

ing to be overcome. This happens to a lesser extent in ax-

isymmetric shortening because the constrictional stresses are

lower. This is merely a qualitative suggestion, but the phe-

nomenon merits investigation via modelling.

To show how σ2 relates to σ1 and σ3 we can usefully define

a ratio C according to σ2 = σ3+C(σ1− σ3), from which

C = (σ2− σ3)/(σ1− σ3). (10)

In the absence of experimental data between the extremes

of axisymmetric shortening and extension, the simplest pos-

sible assumption is that the friction coefficient µ(C) varies

linearly with σ2 between µ1 (shortening tests) and µ2 (ex-

tensional tests), as shown in Fig. 15a, from which we can

write

µ(C)= µ1(1−C)+µ2C. (11)
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Sliding will be activated on any weak plane such that for

given values of σ1 and σ3 and C the orientation of the weak

plane plots on the friction line µ(C).

Jaeger (1964) describes the extension of the Mohr circle

construction into 3-D. Figure 15b shows the relations that

exist between the stress state and the frictional sliding line

τ = µ(C)σn, with an example of one slip plane upon which

the stress state (τ , σn) will meet the slip condition. Taking

the reference frame to coincide with the principal stress di-

rections σ1, σ2 and σ3, any slip plane is described by a set of

corresponding direction cosines of the normal to the plane,

l = cos γ , m= cos λ and n= cos δ. For convenience, think-

ing of σ1 as vertical, γ is measured in the vertical plane from

σ1 and the other two angles to the normal to the plane from

σ2 and σ3 respectively. Resolved maximum shear stress and

normal stress (τ , σn) on the slip plane are the coordinates of

the point of intersection of the two Mohr circles defined by

angles 2γ and 2δ, respectively measured from σ1 and σ3 in

Fig. 15b.

The slip vector is expected to be parallel to the maximum

resolved shear stress, thus in general oblique slip is expected

in a 3-D stress field. Bott (1955) and Jaeger (1964) derived

equations for the resolved dip- and strike-parallel shear stress

components, τdip and τstrike. Expressed in terms of C and

(σ1− σ3), these are

τdip =n
(
m2C (σ1− σ3)−

(
1− n2

)
(σ1− σ3)

)
/

√
(
l2+m2

)
(12)

τstrike = lmC (σ1− σ3)/
√

(
l2+m2

)
. (13)

The maximum shear stress τ is given by τ =
√

(τ 2
dip+τ

2
strike).

The pitch angleω between the horizontal on the plane (strike)

and the slip vector is given by

tanω = τdip/τstrike = nmC/
(
l
(
m2C− (n2

+m2)
))
. (14)

In this way the variability of the friction coefficient between

different stress regimes can be incorporated to describe slip

propensity in a polyaxial stress field.

4.6 General discussion

The comparative experimental results in axisymmetric exten-

sion and in shortening impact upon the ways in which ex-

perimental data are used in modelling brittle rock behaviour

for geophysical and rock engineering purposes. The results

of axisymmetric shortening tests on rocks to failure, and fit-

ted to a Mohr–Coulomb failure criterion, are widely used in

geoengineering under shallow conditions (excavations, tun-

nelling) and increasingly in hydrocarbon reservoir geome-

chanics (e.g. Zoback, 2007; Castillo et al., 2000). It is com-

monly assumed that the 2-D Mohr–Coulomb failure parame-

ters can be applied directly to the prediction of conditions for

failure under polyaxial stress states. This should give at least

a conservative prediction of initial failure because it ignores

the strengthening that arises with increasing mean stress as

one moves away from axisymmetric compression conditions,

but a more realistic result should be obtained using a polyax-

ial failure criterion, even if not constrained by true polyaxial

or axisymmetric extension test data. Unfortunately, different

polyaxial criteria can give widely different predictions, and

it seems clear that a given criterion does not apply equally to

all rock types, perhaps especially when rocks are anisotropic.

However, as we show in Fig. 12, the few porous sandstones

for which data are available seem to give consistent results

using the Mogi (1967) criterion.

The interpretation of borehole breakouts, analysis of bore-

hole stability and estimation of far-field stresses provide

good examples of where the use of a polyaxial failure cri-

terion may be important. Around a vertical borehole wall,

according to the Kirsch solution, the circumferential stress

varies sinusoidally (e.g. Ewy, 1999; Zoback, 2007). The lim-

its of the width of a borehole breakout can be taken to corre-

spond to the stress state at which failure occurs under stress

conditions at the borehole wall. Initial approaches to this

problem applied the 2-D Mohr–Coulomb criterion (Barton

et al., 1988) assuming the circumferential stress at the on-

set of failure corresponded to the axisymmetric, unconfined

compressive strength. It was quickly realized that the uniax-

ial compressive strength would underestimate the strength of

the borehole wall and that a polyaxial failure criterion was

required (Vernik and Zoback, 1992). The vertical stress par-

allel to the borehole wall is due largely to the depth of burial

but is modulated by the circumferential stress through the

Poisson ratio effect so that it too varies sinusoidally around

the borehole wall. There may also be a radial non-zero stress

component arising from mud weight, and its influence will

vary according to whether or not the rock permeability al-

lows the fluid to enter the rock pores. Thus the mean stress in

the rock adjacent to the borehole wall is greater than it would

be if it arose only from the circumferential stress.

Song and Haimson (1997) demonstrated experimentally

for two rock types how a polyaxial failure criterion could

estimate better the stress state in the borehole wall and hence

provide an improved estimate of the far-field maximum in-

situ stress. Unfortunately, the most appropriate polyaxial cri-

terion to use varies with rock type, and in the absence of any

experimental constraints it may not be self-evident which is

the best one to use. However, as we demonstrate above, for

porous sandstones the Mogi (1967) criterion may be gener-

ally useful and is simple to apply.

The stress conditions for the onset of frictional sliding are

commonly taken to impose a bound on the load bearing ca-

pacity of rock masses, whether it be fractured and jointed

rock encountered in geoengineering or modelling the be-

haviour of the Earth’s upper crust. The results presented here

suggest that the frictional behaviour assumed should be mod-

ified according to the nature of the stress state, at least for

porous sandstones. Under constrictional (extensional) load-

www.solid-earth.net/7/493/2016/ Solid Earth, 7, 493–508, 2016



506 A. Hackston and E. Rutter: The Mohr–Coulomb criterion for intact rock strength and friction

Figure 15. (a) Comparison of friction coefficients for Darley Dale and Pennant sandstones sheared in extension and shortening modes. The

simplest assumption is that there is a linear variation of friction coefficient between the extremes shown. (b) Three-dimensional Mohr circle

construction (no stress scales) to show how a general friction coefficient lies between the extremes of µ1 (shortening) and µ2 (extensional)

loading. For a specified position of the intermediate principal stress σ2 = C(σ2−σ3)/(σ1−σ3), there will be a particular friction coefficient

µ(C), along which combinations of resolved shear and normal stress corresponding to direction angles δ and γ will give rise to sliding.

ing (high C value), the frictional strength can be lowered by

more than 20 % relative to axisymmetric shortening; hence

the Mohr–Coulomb criterion may significantly overestimate

rock mass stability for reactivation of pre-existing planes of

weakness. The more conservative value of frictional coef-

ficient should perhaps be used, but it is presently unclear

whether the appropriate value of friction coefficient will be

influenced by the nature of the boundary constraints applied

to the rock mass and what the influence of rock type will be.

5 Conclusions

Darley Dale and Pennant sandstones were tested under con-

ditions of both axisymmetric shortening and extension nor-

mal to bedding, corresponding to the two extremes of loading

under polyaxial stress conditions. The intact rock strengths

for the sandstones studied are best reconciled using the

Mogi (1967) criterion for failure under general triaxial con-

ditions:

(σ1− σ3)/2=m((σ1+βσ2+ σ3)/2)
n.

The parameters m, β and n are very similar in value for at

least three different porous sandstones.

Failure under generalized stress conditions can be pre-

dicted from a knowledge of the Mohr–Coulomb failure cri-

terion under axisymmetric compression conditions provided

the best form of the polyaxial failure criterion is known. Un-

fortunately, a single generalized failure criterion does not ap-

pear to apply equally to all rock types. Nevertheless, where

possible the appropriate polyaxial failure criterion should be

used for engineering and other modelling applications.

The orientations of the fault planes produced are radically

different with respect to the maximum compression direc-

tion in the two loading conditions studied. The normal to the

Mohr–Coulomb failure envelope does not in either case pre-

dict the orientation of the fault planes that are eventually pro-

duced.

Frictional sliding on variously inclined saw cuts and fail-

ure surfaces produced in intact rock samples was also inves-

tigated. Friction coefficient is not affected by fault plane ori-

entation in a given loading configuration, but friction coeffi-

cients in axisymmetric extension were systematically lower

than in axisymmetric shortening. This effect may also apply

to general intermediate stress states (σ1 6= σ2 6= σ3, 0 <C < 1)

and for the present it is assumed that friction coefficient

varies linearly with C.

Friction data for these and other porous sandstones in ax-

isymmetric shortening accord well with the Byerlee (1977)

generalization about rock friction being largely indepen-

dent of rock type. For engineering and geodynamic mod-

elling purposes the stress-state-dependent friction coefficient

should be used for sandstones. It is not known to what extent

this finding might apply to other rock types.
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