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Abstract

Different ice thickness distributions along the flow line and the flow line length changes
of the Gregoriev Ice Cap, Terskey Ala-Tau, Central Asia, were obtained for some sur-
face mass balance histories which can be considered as possible surface mass bal-
ances in the future. The ice cap modeling was performed by solving of steady state5

hydrodynamic equations in the case of low Reynolds number in the form of the me-
chanical equilibrium equation in terms of stress deviator components coupled with the
continuity equation for incompressible fluid. The numerical solution was obtained by
the finite difference method. A compound approximation of the ice surface boundary
condition based on the extending of the mechanical equilibrium equation to ice sur-10

face points was applied. The approximation is considered as a way to overcome the
problem of diagnostic equations numerical solution stability in the full model.

The basal sliding can arise in the glacier tongue at certain climatic conditions and
was introduced both through linear and through non-linear friction laws.

A possible glacier length history, that corresponds to the regional climate changes15

derived from the tree-rings data, was obtained by the model.
The correlations between the glacier length changes and annual air temperature

histories were investigated within the simplified equation introduced by J. Oerlemans
in the form of linear dependence of annual air temperature versus glacier length and
time derivative of the length. The parameters of the dependence were derived from20

modeled glacier length histories that correspond to harmonic climate histories. The
parameters variations were investigated for different periodicities of harmonic climate
histories and appropriate dependences are presented in the paper. The results of the
modeling are in a good agreement with the J. Oerlemans climatic model.
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1 Introduction

The Gregoriev Ice Cap (41◦58′ N, 77◦55′ E; Figs. 1 and 2) is the typical glacier of the
plane-tops glaciers in the Central Asia. The plane-tops glaciers have average ice thick-
nesses in the range 100–150 m. The maxima of the glaciers lengths and of the glaciers
widths are equal to 6 km and to 4 km respectively. The glaciers are located at the South5

slope of the Terskey Ala-Tau. They contain paleoenvironmental records in the Central
Asia. Moreover they are sources of the fresh water in the region.

The objective of this study was the investigation of correlations between the modeled
glacier length changes and the atmospheric temperature histories that were the model
input data and were taken in the form of the harmonic temperatures. We sought the10

correlations in the form which is similar to the equation obtained early by J. Oerlemans
based on calibrating a simple model of glacier dynamics with more explicit numerical
modeling of a limited set of glaciers (Oerlemans, 2001, 2005).

The Ice Sheet Model Intercomparison Project for Higher-Order Models (ISMIP-HOM)
(Pattyn et al., 2008) have revealed that modern higher-order (Hindmarsh, 2004) and15

full Stokes ice sheet models (Zwinger et al., 2007; Gagliardini and Zwinger, 2008) can
be successfully applied in the cases of high basal topographic variability and slipperi-
ness when the longitudinal stresses should be taken in to account. Hence, plane-tops
glaciers modeling based on the higher-order and full Stokes ice sheet models can as-
sign the glacier retreat/advance correctly and can give the qualitative forecasts of the20

glaciers evolution.
ISMIP-HOM results have shown that in general all participating models are in con-

cordance. Full Stokes models closely agree with each other. Their spread of results is
very low (<1%) and they give a results in concordance with analytical solutions based
on the perturbation theory for a constant viscosity. In comparison to the full Stokes25

models the results of the higher-order approximations show larger spread (at the order
of 2.5%). The higher spread is found for high aspect ratios where all stress components
become important. Furthermore, the full Stokes models results anti-correlate with the
ones of the higher-order models for the highest aspect ratio (0.2) (Pattyn et al., 2008).
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The evolution of the Gregoriev Ice Cap in this paper was obtained by 2-D ice-sheet
modeling and by using the ice surface mass balance measurements which were carried
out in 1987 and 1988 (Fig. 3) (Mikhalenko, 1989). The developed 2-D ice sheet model
is the 2-D steady state hydrodynamic model for incompressible fluid in the case of
Re� 1, where Re is the Reynolds number, and the rheological Glen law. The model5

describes an ice flow along a flow line (Pattyn, 2000). It’s supposed that the flow line
is fixed in space (Figs. 1 and 2). The model contains a minimum of equations, the
continuity equation for incompressible fluid and the mechanical equilibrium equation in
terms of stress deviator components, and takes into account divergence/convergence
of ice flow (Pattyn, 2000). The ice cap width increases from about 1.3 km at the summit10

to about 2.8 km at the front and we accounted the widening of the ice cap. The ice cap
width changes with time were not accounted in the model. It seems the width variations
with time can be properly obtained only by 3-D ice cap modeling taking into account
the 3-D topographies of the ice cap surface and of the bed.

The compound approximation of the boundary conditions based on the extending of15

the mechanical equilibrium equation to ice surface points was applied to the stress-
free ice surface. The approach is more effective for investigations of the problems such
us a crevasses appearance due to seasonal changes of ice viscosity and stresses
in a subsurface layer (Nagornov et al., 2006). The approach provides the numerical
solution stability in the full 2-D flow line finite difference model developed in this paper20

in the case of ice and sea water interaction boundary.

2 Field equations

2.1 Diagnostic equations

Mathematical model for obtaining of the ice flow velocity in a steady-state glacier along
a flow line includes the continuity equation for incompressible fluid, the mechanical25

equilibrium equation in terms of stress deviator components and the Glen law (Pattyn,
2000):
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

∂u
∂x + u

b
db
dx + ∂w

∂z =0;

2∂σ′
xx

∂x +
∂σ′

yy

∂x + ∂2

∂x2

hs∫
z
σ′
xzdz+

∂σ′
xz

∂z = ρg ∂hs
∂x ;

σ′
i k =2ηε̇i k ; η= 1

2 [mA(T )]−
1
n ε̇

1−n
n ;

0<x <L; hb(x)<z <hs(x).

(1)

The description of the constants and variables in the equations of the paper are given
in the Notation. The second equation of the system (1) stems from the mechanical
equilibrium equations for a solid domain under the influence of the gravitation after the5

pressure exclusion. The manipulations lead to the two equations in the 3-D model or to
the one equation in the 2-D flow line model, respectively, in terms of the stress deviator
components.

Finally, taking into account the relations between deviatoric stresses and strain rates,
the diagnostic equations can be written in the form of the system of two integro-10

differential equations for the flow velocity components (Pattyn, 2000, 2003):

∂u
∂x + u

b
db
dx + ∂w

∂z =0;

4 ∂
∂x

(
η∂u
∂x

)
+2 ∂

∂x

(
η u

b
∂b
∂x

)
+

∂2

∂x2

hs∫
z
η
(∂u
∂z +

∂w
∂x

)
dz+

∂
∂z

(
η∂u
∂z

)
+ ∂

∂z

(
η ∂w

∂x

)
=ρg ∂hs

∂x .

(2)

The flow-law rate factor temperature dependence was taken from (Paterson, 1994).
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2.2 Prognostic equation

The prediction of the ice thickness changes along the flow line as a response to time
dependent environmental conditions is given by the mass balance equation or prog-
nostic equation (MacAyeal et al., 1996):

∂H
∂t

=Ms−Mb−
1
b
∂ (ūHb)

∂x
+ ν

∂2H
∂x2

, (3)5

where ū is the depth averaged horizontal velocity.
The last term in the Eq. (3) provides the stability of the prognostic equation numerical

solution. The instability can appear at high spatial resolution and in the case of steep
velocity decrease, especially in glacier front vicinity, where ice thickness abruptly van-
ishes. The effect of the last term leads to the ice mass disappearance and depends on10

the artificial viscosity (ν). Hence, it’s negative from the point of the mass conservation
law, and it requires the choice of the artificial viscosity value as small as possible to
achieve the numerical stability.

We considered non-zero artificial viscosity values close to the glacier front only, ex-
actly, at the distance about 200 m upstream from the ice cap front point. The harmonic15

method of the numerical stability analysis leads to the expression for the non-zero vis-
cosity values

νi = ν0 |ui −ui−1|∆x, (4)

where ∆x is the step of the grid, ui is the horizontal velocity at the i -th grid node and
the staggered grid convention is used (MacAyeal et al., 1996). In fact, the artificial20

viscosity depends on the velocity gradients at given spatial resolution and increases
with the velocity gradients rise.

2.3 Heat transfer equation

The heat transfer in a glacier is a result of the thermal diffusion, horizontal and vertical
advections, and the deformational heating. Ice temperature changes along a flow line25
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are described by the heat transfer equation (Pattyn, 2000):

∂T
∂t

= χ

(
∂2T
∂x2

+
1
b
db
dx

∂T
∂x

+
∂2T
∂z2

)
−
(
u
∂T
∂x

+w
∂T
∂z

)
+

2A− 1
n ε̇

1+n
n

ρC
. (5)

3 Boundary conditions

3.1 Boundary conditions at stress-free ice surface

It’s supposed that the boundary conditions for the diagnostic Eq. (2) also should be5

written in the form of the two flow velocity equations. The first equation is the mass
conservation equation per se. It’s assumed that the incompressibility condition is valid
at ice surface points.

The mechanical equilibrium equation can be extended to stress-free ice surface, but
opposite to the continuity equation the mechanical equilibrium equation is not valid10

apart from the stress-free condition at ice surface points. Thus, the extension of the
mechanical equilibrium equation to stress-free ice surface can be written as the system:

σ′
xz =α(2σ′

xx +σ′
yy );α= ∂hs

∂x /
[

1−
(
∂hs
∂x

)2
]

;

2∂σ′
xx

∂x +
∂σ′

yy

∂x + ∂2

∂x2

hs∫
z
σ′
xzdz+

∂σ′
xz

∂z = ρg ∂hs
∂x ;

(6)

where first equation is the stress-free condition at ice surface in terms of stress deviator
components.15

The approach provides the solution stability in the full 2-D flow line finite difference
model developed in this paper in the cases of different types of boundary conditions.
Furthermore, the low spread of ISMIP-HOM results in the experiments A and E for the
full Stokes models (Pattyn et al., 2008) proves that the approach provides second order
(order of vanishing or smallness) of the boundary condition numerical approximation.20
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The surface temperature was applied as the boundary condition at the ice surface
for the heat transfer Eq. (5). This temperature depends on the elevation (Makarevich
et al., 1969) as

Ts(x,t)= Ts0(t)−0.00233[hs(x,t)−4160] (7)

where Ts0(t) was taken as harmonic temperature in the non-steady experiments de-5

scribed below.

3.2 Basal boundary conditions

Borehole temperature measurements obtained in 2004 at the Gregoriev Ice Cap sum-
mit show that the ice temperature practically does not depend on vertical coordinate at
the depths from 10 m to 45 m and is about −3◦C (Arkhipov et al., 2004). It proves that,10

first, the ice is frozen to the bed (vb =0) and, second, the geothermal heat flux is close
to zero, because non-zero geothermal heat fluxes provide noticeable temperature gra-
dients in the steady-state profiles at these depths.

It is suggested, that the ice surface mass balance can increase significantly and
steepen in time as a result of the climatic variability. Such climatic scenario leads to the15

ice flow increase. But no-slip basal boundary condition coupled with the incompress-
ibility condition in the downstream hamper the upstream flow increase. Vice versa, the
upstream flow forces the ice flow in the downstream but the ice flow velocity is relatively
small due to no-slip basal boundary condition and is equal to zero at the lowest ice cap
front point.20

Thus, the contrariety can lead to instability of the numerical solution of the diagnostic
Eq. (2). It should be underlined that the problem is not purely in the numerical solution
but rather in the mathematical statement of the problem.

So, it is supposed that the basal sliding in the downstream can arise at some envi-
ronmental changes. The slip boundary condition was applied only at the glacier tongue25

which was considered as the flow line subsection (Fig. 2) and was extended at about
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600 m upstream along the flow line from the lowest front point. The friction law for the
basal sliding in the case of small basal slopes is defined by equations
(
σ′
xz
)
b = K̃f r |ub|

1−n
n ub;

wb =0;
(8)

and K̃f r =

Kf r if n=1, linear friction law (MacAyeal, 1989, 1992);

Kf rN
1
n if n>1, non-linear, Weertman-type friction law (Van der Veen, 1987);

where N =ρgH +
(
σ′
zz
)
b−

∂
∂x

hs∫
hb

σ′
xzdz - normal pressure at the base.5

The common friction law, that takes into account bed slope variation,
can be written as

(
2σ′

xx+σ′
yy
)
b
dhb
dx −

(
σ′
xz
)
b

[
1−
(
dhb
dx

)2
]
=

=−K̃f r

(
ub+wb

dhb
dx

)∣∣∣ub+wb
dhb
dx

∣∣∣ 1−n
n
(

1+
(
dhb
dx

)2
) 2n−1

2n

;

−ub
dhb
dx +wb = 0;

(9)

and, respectively, N =

(
ρgH +

(
σ′
zz
)
b−

∂
∂x

hs∫
hb

σ′
xzdz

)
/

√
1+
(
dhb
dx

)2
.

10

In this paper it’s assumed that the no-slip/slip transition occurs gradually along the
flow line. From the mathematical point it means that the friction coefficient along the
flow line in the glacier tongue varies continuously from infinity to a constant value. So,
the friction coefficient can be expressed in the form of the Laurent series

Kf r = K0+
∞∑
n=1

K−n

(x−Xf r )
n , x >Xf r , (10)15
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where Xf r is the boundary of the no-slip/slip transition. In essence, the friction coef-
ficient changes along a flow line accordingly to the series (10) correspond to the ice
thickness decrease. In practice, a few main terms of the series were considered.

The basal boundary condition for the heat transfer equation is assigned by the
geothermal heat flux and the basal friction (Pattyn, 2000, 2003):5

∂T
∂z

= −1
k

[
Q+
(
σ′
xz
)
bub
]
. (11)

3.3 Boundary conditions at the summit and at the front point

The boundary conditions at the summit (x=0) are u=0, σ′
xz =0, ∂hs/∂x=0.

The boundary conditions at the front point (x = L) are u= 0,w = 0 in the case of
no-slip boundary condition over the whole flow line profile and the appropriate mass10

balance equation for the prognostic Eq. (3). In the case of the slip boundary condition
we considered the linear interpolation of the depth averaged horizontal velocity from
(N−2)-th and (N−1)-th nodes to the last Nth node and the w =0 approximation.

4 Numerical solution

The problem was solved by the finite difference method. The solution is based on the15

two-step algorithm (MacAyeal et al., 1996). First step involves solution of the non-linear
diagnostic equations by an iterative procedure (Hindmarsh and Payne, 1996) for given
flow line profile. The second step involves solutions of the heat transfer equation and of
the prognostic equation to obtain ice temperature and ice thickness distributions along
flow line, respectively, at next time step. To avoid the mass conservation problem the20

staggered-grid convention was used (MacAyeal et al., 1996).
To implement the finite differencing, arbitrary flow line profile is transformed into the

rectangle by the coordinate transformation. The transformation is performed by replac-
ing the vertical coordinate z with the dimensionless one: ξ = (hs−z)/H (Hindmarsh
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and Hutter, 1988; Pattyn, 2000, 2003). The detailed description of the compound ap-
proximation of the boundary condition at stress-free ice surface, Eq. (6), is presented
in Appendix A.

5 The ice cap evolution in the case of harmonic climate changes

The surface mass balance measurements were carried out at the Gregoriev Ice Cap5

flow line in 1987 and 1988 (Mikhalenko, 1989) (Fig. 3). The linear approximation of the
averaged values for the two years is employed in this paper as the reference surface
mass balance Ms.

The steady state experiments, when the model runs forward in time until a steady
state for the reference surface mass balance is achieved, have shown, that the devia-10

tion between the modeled stationary glacier length and the observed length along the
flow line is about 2% for the enhancement factor m=1. Hence, there are no reasons to
correct the flow-law rate factor values (Paterson, 1994) for the plane-tops glaciers. The
modeled stationary ice surface for the reference surface mass balance and for m= 1
was taken as the initial ice surface in the non-steady experiments.15

In the non-steady experiments the periodical climate variability was considered,
when the annual air temperature varies as

Ta(t)= Ta0+∆Tasin
2πt
tp

, (12)

where tp is the climate period, ∆Ta is the air temperature amplitude which was taken
equal to 0.3◦C and Ta0 =−3◦C.20

It was supposed that the annual air temperature and the ice surface mass balance
vary proportionally and the dependence can be empirically expressed as

Ms(t)=Ms0−∆Ms
Ta−Ta0

∆Ta
, (13)
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where Ms0 is the reference mass balance.
The mass balance and air temperature amplitudes relation is suggested unknown.

The sign “−” before ∆Ms means that warming/cooling decreases/increases ice surface
mass balance.

The experiments were carried out for different mass balance amplitudes ∆Ms in the5

range 0.2–0.6 m/a at the climate period tp = 500 a (Fig. 4) and for different climate
periodicity at the fixed amplitude ∆Ms =0.4 m/a (Fig. 5).

The basal sliding arises at certain time intervals when the ice mass grows. We con-
sidered the simple criteria of the no-slip/slip transition in the glacier tongue base with
time. It was formulated for the basal shear stress as max

Xtr<x<L

(
σ′
xz
)
b >σcr , where σcr ,10

the upper limit for the no-slip condition, was considered in the range 1–1.2×105 Pa.
The ice flow velocity at x =L changes abruptly at the points of the transitions and the
derivative dL/d t has the break points, or points of discontinuity, at these moments.
So, the curves L(t) have the kinks or pikes at these points (Figs. 4 and 8). The no-
slip/slip transition at the beginning of the glacier advance occurs more smoothly in15

the case of non-linear friction law (Appendix B, Fig. B1). The friction coefficient val-
ues were considered as time-independent. More intensive ice mass growing requires
more rapid glacier advance and, hence, smaller friction coefficient values. The values
were chosen accordingly Eq. (10) and closely to a maximum as possible to avoid the
above mentioned instability (Sect. 3.2) in the diagnostic system solution. Thus, in the20

experiments the friction coefficient depends on the mass balance amplitude ∆Ms and
decreases when the ∆Ms increases.

The glacier length oscillations periods are in concordance with the climate periods.
Despite the nonlinearity of the diagnostic problem, the glacier length amplitude versus
the mass balance amplitude is close to the linear relationship (Fig. 6). While the devi-25

ation for ∆Ms =0.6 m/a can be explained by the bedrock topography inhibition (Fig. 7).
The tree-rings data collected at the Tien-Shan, ISTC, Project No. 2947, allowed to

define the short-term climate periodicity in the region. The 12 a, 60 a and 110 a peri-
odicity had been defined, and with assumption of existence of a long-term periodicity,
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which was taken equal to 800 a, the superposition of the equal amplitudes ∆Ta =0.2◦C
and ∆Ms =0.2m/a leads to the glacier length history, which is shown in Fig. 8. Accord-
ing to the glacier length amplitude versus mass balance periodicity (Fig. 5), short-term
climate periodicity insignificantly affects the glacier length changes which are governed
by the long-term component.5

The melting rate at the base can be estimated as Mb ≈ (σxz)bub/ρLm ≈ 0.01m/a for
(σxz)b ≈ 105 Pa and ub ≈ 10 m/a which were observed in the experiments. So the ice
surface mass balance dominates in the prognostic equation.

The sensitivity of modeled glacier length history to different approximations of the
friction law and to values of the artificial viscosity is represented in Appendix B.10

6 The relationship between glacier length and annual air temperature

We investigated the correlations between the glacier length and the annual air temper-
ature histories within the dependence, which was suggested by J. Oerlemans:

Ta(t)=α+βL(t)+γ
dL
d t

. (14)

The non-steady experiments prove that there are no unique parameters α, β and γ15

in Eq. (14), because the glacier length amplitude significantly depends on the climate
periodicity at fixed air temperature amplitude and mass balance amplitude (Fig. 5). On
the other hand, it seems that the main (long-term) climate period can be successfully
derived from a glacier retreat/advance history based on the Eq. (14) and taking into
account the dependences of α, β, γ versus the periodicity.20

For given temperature history and glacier length changes obtained by ice flow mod-
eling, the parameters α, β, γ satisfy the minimum of discrepancy between the left and
the right sides of Eq. (14). The discrepancy minimum conditions lead to the linear
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algebraic equations for α, β, γ obtaining:

α(t2−t1)+β
t2∫
t1

Ldt+γ (L(t2)−L(t1)) =
t2∫
t1

Tadt ;

α
t2∫
t1

Ldt+β
t2∫
t1

L2dt+ γ
2

(
L2 (t2)−L2 (t1)

)
=

t2∫
t1

TaLdt ;

α (L(t2)−L(t1))+ β
2

(
L2 (t2)−L2 (t1)

)
+γ

t2∫
t1

(dL
d t

)2
dt = TaL|

t2
t1
+

t2∫
t1

L d Ta
d t dt.

(15)

The major drawback of the air temperature reconstruction from the glacier length his-
tory according to Eq. (15) is the time derivative (dL/d t) sensitivity with respect to
(i) bedrock undulation, (ii) features of glacier advance, with basal sliding or without it,5

(iii) front shape reorganization prior to retreat/advance beginning. We tried to overcome
the problem by smoothing procedure which was applied to the glacier length history.
At the first glance, the above mentioned features of the glacier flow are invisible in the
glacier length history, but the success of the temperature reconstruction significantly
depends on the “degree” of the glacier length history smoothing (Fig. 9).10

On the other hand, the smoothing can deprive the possibility of the reconstruction
of short-term temperature changes which weakly appear in the glacier history (Figs. 8
and 10). So, it’s difficult to point the optimal “degree” of glacier length history smooth-
ing and the temperature paleoreconstruction requires coupling of independent meth-
ods such as moraine sediments analysis and, for example, the δ18O data analysis or15

glacier surface temperature paleoreconstruction based on the borehole temperature
measurements.

It seems, another way to overcome the problem is to introduce the initial phase ϕ0
into the temperature-length relationship, i.e. to replace Eq. (14) with a new one in the
form20

Ta(ωt+ϕ0)= α+βL(t). (16)
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The γ versus periodicity (Fig. 11) shows that the initial phase ϕ0 sufficiently depends
on the temperature harmonic oscillations frequency. The initial phase dispersion sup-
poses that the reconstructed temperature can be a priori represented in the form of a
part of the harmonic series. So, such approach application seems more poor beside
the one based on the Eq. (14).5

The frequency dependences (Fig. 11) are assigned by the lag between glacier length
history and annual air temperature history (Fig. 4). The lag is formed as a result of the
transition from the stationary condition to the non- stationary periodically condition. The
maximum of the lag between steady-state glacier length history and mass balance
history is achieved for high frequencies and is close to tp/2 (or to π in radians) for10

tp = 100 a. On the other hand, the initial phase ϕ0 in Eq. (16) is close to zero because
the mass balance history is in antiphase with respect to the annual air temperature
history in the model. Thus, the parameter β is positive value and defines accordance
between the terms of the left and the right sides of the Eq. (14) in the cases of high
frequencies.15

The lag between glacier length and mass balance histories decreases from about
π to 0, when the frequency decreases from high values for about centennial climate
changes to zero. Vise versa, the lag between glacier length and annual air temperature
histories increases from 0 to π. In particular, ϕ0 is about π/2 for tp ≈ 550 a, and the
accordance between the left and the right sides of the Eq. (14) is defined mainly by20

the time derivative of the glacier length. Thus, the parameter β is approximately equal
to zero at ϕ0 ≈ π/2 for similar and coherent glacier length and harmonic annual air
temperature histories.

The parameters β and γ are in concordance with the values of the climate sensitivity
and the response time, that were considered in the climatic model applied for the global25

temperature reconstruction in (Oerlemans, 2005), for tp ≥ 800 a (Fig. 11). If tp is in
the range 800–1200 a, then the climate sensitivity c=−1/β varies in the range 8.2–
11.7 km/K and the response time τ = γ/β varies in the range 227–320 a. The climate
sensitivity and the response time in the Oerlemans climatic model (Oerlemans, 2005)
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are expressed as

c=2.3P 0.6s−1, τ = 13.6∆−1s−1 (1+20s)−0.5L−0.5, (17)

where P is the annual precipitation in m/a, s is the mean surface slope of the glacier,
∆ is the altitudinal mass balance gradient, and L is the reference glacier length. The
estimation of the values for the Gregoriev Ice Cap by Eq. (17) gives c≈10.1 km/K and5

τ ≈ 295 a, where P was taken as average for the two years, 1987 and 1988, and is
about 0.42 m/a (Mikhalenko, 1989).

The recent warming and the Little Ice Age, which were reconstructed in (Oerlemans,
2005) by using of glacier length records, can be considered as parts of about millennial
period, which contains the Medieval Warm Period, the Little Ice Age and the recent10

warming. Thus, the parameters β and γ can be treated accordingly to the Oerlemans
climatic model but not for a wide spectrum of harmonic air temperature frequencies.

The parameters β and γ drop for tp = 600–1200 a, if the mass balance amplitude
decreases, and it is in accordance with the glacier length amplitude versus the mass
balance amplitude (Fig. 6) and stems from Eq. (14). Accordingly Eq. (14), if L de-15

creases p times, then the absolute values of β and γ increase p times for given tem-
perature history. For example, for tp = 500 a (Fig. 12) the term

∣∣γ (dL/d t
)∣∣ is higher

than the term |βL| at the order of the magnitude. Therefore, the γ
(
dL/d t

)
defines

the accordance between the left and the right sides of Eq. (14) for tp = 500 a, and β
is inessential. When the glacier length amplitude decreases approximately 1.42 times,20

the mass balance amplitude decreases from 0.5 m/a to 0.3 m/a (Fig. 6), the |γ| rises
1.47 times and γ drops as negative value (Fig. 12). Therefore, the parameters β and
γ are achieved the values in the corresponding ranges, 8.2–11.7 km/K for c and 227–
320 a for τ, for smaller periods and for given air temperature amplitude if the mass
balance amplitude decreases.25

In other words, the values of β and γ decrease/increase for tp = 600–1200 a de-

pending on the ratio ∆Ms/∆Ta and in particular for ∆Ms/∆Ta ≈ 1.3 m a−1 K−1 (∆Ms =
0.4 m/a, ∆Ta =0.3◦C) they are in a good agreement with the Oerlemans climatic model.
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In a cases of harmonic air temperatures superposition the values of β and γ are
defined by the main harmonica, and the reduction of the ratio ∆Ms/∆Ta to 1 m a−1 K−1

(∆Ms = 0.2 m/a, ∆Ta = 0.2◦C; Fig. 10) decreases the values to β =−1.48×10−4 (c≈
7 km/K) and to γ =−3.23×10−2 K a/m (τ =218 a).

The deviations in the curves in Fig. 11 as the result of the ratio ∆Ms/∆Ta variations5

can be estimated approximately by changing of ∆Ta in Eq. (12) and in Eq. (14). The
boundaries of the deviations obtained for 50% variations of the ratio ∆Ms/∆Ta are
represented in Fig. 11.

7 Conclusions

The results of the steady-state experiments show that deglaciation of the plane tops10

of Terskey Ala-Tau is observed for the significantly smaller values of the ice surface
mass balance than the reference mass balance based on the experimental data which
were obtained in 1987 and 1988. In particular, mass balance at the Gregoriev Ice
Cap surface should be smaller by about 0.6 m/a than the reference one, and for the
reference mass balance the glacier will be almost unchanged. Hence, the correct15

forecast of future glaciation/deglaciation of the plane tops requires the confirmation
of the reference mass balance and resumption of monitoring of the ice surface mass
balance changes.

The results of non-steady experiments show that, in general, annual air temperature
history and glacier length history correlations for the harmonic climate changes are20

well described within the linear dependence of annual air temperature versus glacier
length and time derivative of the length. In particular, the dependence is sensitive to
the nature of the ice flow as well as to the bedrock undulations through the time deriva-
tive of the glacier length. Thus, the air temperature history reconstruction requires the
smoothing of the glacier length history. On the other hand, the smoothing can lead25

to losses of data of short-term climate changes. The problems indicate that correct
climate reconstruction requires integration of independent methods such as moraine
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sediments analysis, δ18O data analysis and glacier surface temperature paleorecon-
struction based on the borehole temperature measurements.

The parameters β and γ of the temperature-length dependence are in a good agree-
ment with the values of the climate sensitivity and the response time, respectively, in
the Oerlemans climatic model for the periods of harmonic annual air temperature his-5

tories in the range 800–1200 a. These harmonic histories correspond to the period of
the global temperature reconstruction implemented in (Oerlemans, 2005) because the
recent warming and the Little Ice Age can be considered as parts of about millennial
period, which contains the events like the Medieval Warm Period, the Little Ice Age and
the recent warming.10

The ice flow modeling allows to obtain the parameters of the temperature-length
dependence for different climate histories and the data can be collected for the future
forecasts or climate reconstructions in the different regions of the Earth.
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8 Notation

x horizontal axis along a flow line, m.
z vertical axis pointing upward (z=0 at sea level), m.
t temporary variable, a.
u horizontal ice flow velocity, m a−1.
w vertical ice flow velocity, m a−1.
L length of a glacier flow line domain, m.
b glacier width along a flow line, m.
H ice thickness, m.
hs ice cap surface elevation, m.
hb bed elevation, m.
ρ ice density, 900 kg m−3.
g gravitational acceleration, 9.8 m s−2.
σik stress tensor components, Pa.
σ′
ik stress deviator components, Pa.

ε̇ik strain-rate tensor components, a−1.
ε̇ second strain-rate tensor invariant, a−1.
η ice effective viscosity, Pa a.
A flow-law rate factor, Pa−n a−1.
n exponent in Glen’s flow law, 3.
m enhancement factor in the flow law.
T ice temperature, K.
χ ice thermal diffusivity, 35 m2 a−1.
k ice thermal conductivity, 2 W m−1 K−1.
C ice heat capacity, 2×103 J kg−1 K−1.
Lm specific latent heat of ice fusion, 3.35×105 J kg−1.
Ms mass balance at an ice surface, m a−1.
Mb melting rate at the base, m a−1.
ν artificial viscosity, m2 a−1.
Kf r friction coefficient, positive, Pa a m−1.
Q geothermal heat flux, W m−2.
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Appendix A

Approximation of the boundary condition at stress-free ice surface

The forms of the equations are modified after the coordinate transformation. In partic-
ular the second equation from the system (2) in variables x,ξ can be rewritten as5

4 ∂
∂x

(
η ∂u

∂x

)
+4 ∂

∂x

(
ηξ′x

∂u
∂ξ

)
+4ξ′x

∂
∂ξ

(
η ∂u

∂x

)
+4ξ′x

∂
∂ξ

(
ηξ′x

∂u
∂ξ

)
+2 ∂

∂x

(
ηu
b

db
dx

)
+2ξ′x

∂
∂ξ

(
η u

b
db
dx

)
−2ξ′x

∂
∂x

(
η ∂u

∂ξ

)
+2ξ′x

∂
∂x

(
Hη
(
∂w
∂x + ξ′x

∂w
∂ξ

))
−
(
ξ′′xx− 1

H H ′
xξ

′
x
)
η ∂u

∂ξ +
(
ξ′′xx− 1

H H ′
xξ

′
x
)
Hη
(
∂w
∂x + ξ′x

∂w
∂ξ

)
−
(
ξ′2x − 1

H2

)
∂
∂ξ

(
η ∂u

∂ξ

)
+
(
ξ′2x − 1

H2

)
H ∂

∂ξ

(
η
(
∂w
∂x + ξ′x

∂w
∂ξ

))
− ∂2

∂x2

ξ∫
0
η ∂u

∂ξ̃
d ξ̃+ ∂2

∂x2

ξ∫
0
Hη
(
∂w
∂x + ξ′x

∂w
∂ξ̃

)
d ξ̃ =ρg∂hs

∂x

(A1)

where ξ′x =
1
H

∂hs
∂x − ξ

H
∂H
∂x and ξ′′xx =

2
H2

∂H
∂x

(
ξ ∂H

∂x − ∂hs
∂x

)
+ 1

H

(
∂2hs
∂x2 − ξ ∂2H

∂x2

)
.

The above mentioned alteration of Eq. (A1) to ice surface points requires to select
the shear stress component σ′

xz and to replace it with α
(
2σ′

xx+σ′
yy
)

in accordance
with the stress-free surface condition in Eq. (6).10

The terms of Eq. (A1) are grouped within certain order. The terms of the first and the

second lines in Eq. (A1) represent the longitudinal stress gradients (2 ∂σ′
xx

∂x and
∂σ′

yy

∂x ) of
the mechanical equilibrium equation from the system (1). They are unchangeable at
ice surface points.
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The third, fourth and fifth lines of Eq. (A1) are 2ξ′x
∂
∂x

(
Hσ′

xz
)
,
(
ξ′′xx − 1

H H ′
xξ

′
x
)
Hσ′

xz

and
(
ξ′2x − 1

H2

)
∂
∂ξ

(
Hσ′

xz
)
, respectively. These terms imply as the shear stress vertical

gradient as the terms that arise due to the coordinate transformation and stem from
the resistive stress gradient (Van der Veen and Whillans, 1989). They should be re-
placed in accordance with the stress-free condition in Eq. (6). It means that σ′

xz and5

∂
∂x

(
Hσ′

xz
)

are equal to α
(
2σ′

xx+σ′
yy
)

and to ∂
∂x

(
Hα
(
2σ′

xx+σ′
yy
))

, respectively. But

the ∂
∂ξ

(
Hσ′

xz
)

is equal to 1
∆ξ

(
Hσ′

xz
)2 − 1

∆ξHα
(
2σ′

xx+σ′
yy
)1

, where ∆ξ is the vertical
grid size and upper index “1” means an ice surface grid point.

The integral terms of Eq. (A1) are equal to zero at ice surface points.

Appendix B10

The deviations between glacier length histories obtained
in a case of different model parameters

Since the sliding occurs only at the glacier tongue base, the glacier length deviations
are inessential for considered friction law approximations by Eq. (8) and by Eq. (9),15

respectively (Fig. B1). The glacier length histories deviation was assessed for the
linear friction law and it’s insignificant, <1%.

The relative deviation for the linear and non-linear friction laws can be relatively small,
is about 1%, due to the choice of the friction coefficient, that differs from the one in the
linear friction law by multiplying of the series (10) at a constant value. Vice versa, if20

the friction coefficient in the non-linear friction law is known (K0 ≈ 7×102Pa
n−1

n a
1
n m− 1

n

in Eq. (10)), then the deviation between the length histories can be insufficient in the
case of relatively small area of sliding due to the choice of the friction coefficient in the
linear approximation of the friction law.
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For comparison, the deviation for the different vertical grid sizes, Nξ =11 and Nξ =31,
achieves 2.5%. The effect of vertical resistive stress gradient, the integral term in
Eq. (1) (Van der Veen and Whillans, 1989), accumulates in time, but also leads to
insignificant length deviation, <2%, in the case of periodically climate changes. Thus,
it is insignificant in the experiments.5

Relatively small ν0 in the artificial viscosity (4) also insufficiently distort glacier length
history (Fig. B2). The deviation between the curves for ν0 =3 and ν0 =5 is about 1%.
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Fig. 1. The map of the Gregoriev Ice Cap. The dashed line represents the flow line.
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Figure 2. The Gregoriev Ice Cap flow line profile. Vertical dashed line shows the no-slip/slip 

boundary in the model. 
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Fig. 2. The Gregoriev Ice Cap flow line profile. Vertical dashed line shows the no-slip/slip
boundary in the model.
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Figure 3. Annual ice surface mass balance at the Gregoriev Ice Cap [Mikhalenko, 1989]. 1 – 

experimental data, 1987; 2 – experimental data, 1988; 3 – linear approximation of the 

averaged data for the two years. 
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Fig. 3. Annual ice surface mass balance at the Gregoriev Ice Cap (Mikhalenko, 1989). 1 –
experimental data, 1987; 2 – experimental data, 1988; 3 – linear approximation of the averaged
data for the two years.
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Figure 4. The ice cap length changes in the non-steady experiments for harmonic ice surface 

mass balance changes with the amplitudes sMΔ : 1 – ; 2 – ; 3 – ; 4 – 

; 5 – . 6 – annual air temperature.  
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Fig. 4. The ice cap length changes in the non-steady experiments for harmonic ice surface
mass balance changes with the amplitudes ∆Ms: 1 – 0.2 m/a; 2 – 0.3 m/a; 3 – 0.4 m/a; 4 –
0.5 m/a; 5 – 0.6 m/a. 6 – annual air temperature.
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Figure 5. The ice cap length oscillations amplitude versus climate periodicity in the case of 

harmonic climate variations,  m/a, .  4.0=Δ sM CTa
03.0=Δ
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Fig. 5. The ice cap length oscillations amplitude versus climate periodicity in the case of har-
monic climate variations, ∆Ms =0.4 m/a, ∆Ta =0.3◦C.
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Figure 6. The ice cap length oscillations amplitude versus surface mass balance amplitude in 

the case of harmonic climate variations, 500=pt a, . CTa
03.0=Δ7 

8  
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Fig. 6. The ice cap length oscillations amplitude versus surface mass balance amplitude in the
case of harmonic climate variations, tp =500 a, ∆Ta =0.3◦C.
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Fig. 7. The glacier advance in the case of the harmonic surface mass balance changes,
tp =500 a, ∆Ms =0.6 m/a, ∆Ta =0.3◦C.
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Fig. 8. The ice cap length history in the case of four harmonic surface mass balances super-
position, ∆Ms =0.2 m/a, ∆Ta =0.2◦C.
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Figure 9. The annual air temperatures derived from the ice cap length history for different 

“degrees” of smoothing of the ice cap length history. 1 – initial annual air temperature. The 

 represents the number of the smoothing procedures which were applied to the ice cap 

length history: 2 – ; 3 – ; 4 – ; 5 – ; 6 – 

. 
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Fig. 9. The annual air temperatures derived from the ice cap length history for different “de-
grees” of smoothing of the ice cap length history. 1 – initial annual air temperature. The Nsm
represents the number of the smoothing procedures which were applied to the ice cap length
history: 2 – Nsm =102; 3 – Nsm =5×102; 4 – Nsm =103; 5 – Nsm =2×103; 6 – Nsm =3×103.
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Figure 10. The annual air temperatures derived from the ice cap length history in the case of 

four harmonic surface mass balances superposition, 1/ =ΔΔ as TM m a-1 K-1. 1 – initial annual 

air temperature. 2 – derived annual air temperature (

7 

100=smN ; ; 

). 3 – derived annual air temperature ( ; 

; ). 
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 34

Fig. 10. The annual air temperatures derived from the ice cap length history in the case of
four harmonic surface mass balances superposition, ∆Ms/∆Ta = 1 m a−1 K−1. 1 – initial annual
air temperature. 2 – derived annual air temperature (Nsm = 100; β =−1.28×10−4 K/m; γ =
−2.78×10−2 K a/m). 3 – derived annual air temperature (Nsm = 3000; β =−1.48×10−4 K/m;
γ =−3.23×10−2 K a/m).
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Fig. 11. The results of β and γ calculations by Eq. (15) for different climate periodicity, ∆Ms =
0.4 m/a, ∆Ms/∆Ta ≈ 1.3 m a−1 K−1. Dotted lines represent the boundaries of the deviations in
β that correspond to 50% variations of the ratio ∆Ms/∆Ta.
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Figure 12. The results of β  and γ  calculations by Eq. (16) for different mass balance 
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Fig. 12. The results of β and γ calculations by Eq. (15) for different mass balance amplitudes
(tp =500 a).
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Figure B1. The ice cap length history in the cases of different vertical grid sizes and different 

models: 1 – , basic model; 2 – 31=ξN 11=ξN , basic model; 3 – , the model with 

linear friction law in the form of Eq. (10); 4 – 

31=ξN8 

31=ξN , the model without vertical resistive 

stress; 5 – , the model with non-linear friction law in the form of Eq. (10). 

9 

10 31=ξN

 37

Fig. B1. The ice cap length history in the cases of different vertical grid sizes and different
models: 1 – Nξ = 31, basic model; 2 – Nξ = 11, basic model; 3 – Nξ = 31, the model with linear
friction law in the form of Eq. (9); 4 – Nξ = 31, the model without vertical resistive stress; 5 –
Nξ =31, the model with non-linear friction law in the form of Eq. (9).
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Figure B2. The ice cap length histories obtained for different values of artificial viscosity: 1 – 

30 =ν ; 2 – 50 =ν ; 3 – 100 =ν . 7 

8 

9 
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Fig. B2. The ice cap length histories obtained for different values of artificial viscosity: 1 –
ν0 =3; 2 – ν0 =5; 3 – ν0 =10.
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