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Abstract

Geodynamic modeling often involves challenging computations involving solution of
Stokes and continuity equations under condition of highly variable viscosity. Based on
new analytical approach we developed generalized analytical solutions for 2-D and 3-
D incompressible Stokes flows with both linearly and exponentially variable viscosity.
We demonstrated how these generalized solutions can be converted into 2-D and 3-D
test problems suitable for benchmarking numerical codes aimed at modeling various
mantle convection and lithospheric dynamics problems. Main advantage of this new
generalized approach is that large variety of benchmark solutions can be generated
including relatively complex cases with open model boundaries, non-vertical gravity
and variable gradients of viscosity and density fields, which are not parallel to Cartesian
axes. Examples of respective 2-D and 3-D MatLab codes are provided with this paper.

1 Introduction

Numerical modeling of geodynamic processes is recognized as a challenging computa-
tional problem which requires use of advanced computational techniques and develop-
ment of powerful numerical tools (e.g., Ismail-Zadeh and Tackley, 2010) and references
therein). One of the major challenges concerns solving of the inertia-free Stokes equa-
tion coupled to the incompressible continuity equation in a combination with strong
viscosity variations in the computational domain. Consequently, benchmarking of nu-
merical codes against analytical and numerical solutions constrained for various me-
chanical and thermomechanical Stokes flow problems is a common practice in compu-
tational geodynamics (e.g., Blankenbach et al., 1989; Moresi et al., 1996; van Keken
et al., 2008; Gerya and Yuen, 2003, 2007; Deubelbeiss and Kaus, 2008; Duretz et al.,
2011; Gerya et al., 2013), Popov (2013). Available analytical and numerical solutions
are mostly two-dimensional and include
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— 2-D mantle convection with constant and variable viscosity (Hager and O’Connell,
1981; Revenaugh and Parsons, 1987; Blankenbach et al., 1989);

— 2-D thermochemical convection (van Keken et al., 1997);

— 2-D buoyancy driven flows for strongly varying viscosity (Zhong, 1996; Moresi
et al., 1996; Gerya and Yuen, 2003);

— 2-D mechanical and thermomechanical channel and Couette flows for constant
and variable viscosity (Turcotte and Schubert, 2002; Gerya and Yuen, 2003;
Gerya, 2010);

— 2-D flow around deformable elliptic inclusions (Schmid and Podladchikov, 2003);
— 2-D Rayleigh—Taylor instability (Ramberg, 1968; Kaus and Becker, 2007);

— 2-D thermomechanical corner flows in subduction zones (van Keken et al., 2008);
— 2-D spontaneous subduction with a free surface (Schmeling et al., 2008);

— 2-D buoyancy driven flows with a free surface (Crameri et al., 2012);

— 2-D numerical sandbox experiments (Buiter et al., 2006);

— 3-D mantle convection in Cartesian geometry (Busse et al., 1993);

— 3-D mantle convection in spherical geometry (Zhong et al., 2008);

— 3-D infinitesimal and finite amplitude folding instability (Kaus and Schmalholz,
2006).

These solutions are constrained for a number of well defined model setups, which are

of potential significance for various situations which numerical codes may face during

real geodynamic simulations. Availability and broad range of 2-D and 3-D benchmark

solutions are, therefore, critical for the development and testing of the next generation
2205
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of numerical geodynamic modeling software which aims to combine rheological com-
plexity of constitutive laws with adaptive grid resolution to on both global and regional
scales (e.g., Moresi et al., 2003; Dabrowski et al., 2008; Tackley, 2008; Stadler et al.,
2010; Gerya et al., 2013).

In the present paper we aim to significantly expand availability of benchmark so-
lutions for both 2-D and 3-D variable viscosity Stokes flows. In contrast to previous
studies, we prefer not to start from any prescribed model setups but rather derive gen-
eral analytical solutions, which are potentially suitable for generating a broad range
of test problems. We derive generalized solutions for incompressible Stokes problems
with (a) linearly and (b) exponentially variable viscosity. In the following we demonstrate
how these generalized solutions can be converted into 2-D and 3-D test problems suit-
able for benchmarking numerical codes. Finally, based on the obtained benchmark
problems, we show examples of numerical convergence tests for staggered-grid dis-
cretizations schemes (e.g., Gerya and Yuen, 2003, 2007).

2 Two-dimensional solution

2.1 Formulation of 2-D equations with variable viscosity

Consider the plane flow. 2-D Stokes equations for the case of varying viscosity has the
form

6%, ,onov, v, 9, ondv, ondvy op _

2 ™ X Y 7L - _pG,, 1
qax2+ 6X6x+,10y2+q6y6x+0y0y+6y0x ax . Pox M
8%y 9° anov. &onodv anov, 3%,

fl_y+q Vy +_I'Z_X+_I'l_y+ —,Z—y+2fl—y—£=—,0Gy, (2)
0x? 0ydx 0x dy 0x ox 0y dy dy2 0oy

v, 0v,

—— — =0. 3
ox ' By (3)
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Here (vy,v,) is the flow velocity, n = n(x,y) is the viscosity, P is the pressure, p is the
density, (G,,G,) is the gravitational force. Note that Eq. (3) is the continuity equation.

Let us change the variables v,, vy,P in such a way that

ov, 106u, 0Ov, 10u,
W=ﬁax’ 6y=ﬁay’
6vy_10uy avy_16uy
ox noéx’ oy naoy’
10P 0P 10P 0P
nox ox' noy oy

The correctness conditions for such replacement are as follows
9 (10u) 0 (10u) 9 (10uy) 8 (104
oy\nox ) ox\noy ) oy\nox ) ox\noy )’
o ( 0P o ( 0P

2o\ M7z =32\ 157 ) -

oy \ "0x ox \ "0y

These conditions lead to the following correlations

onodu, 0onou, 0ondu, ondu,
dy 0x 0x 8y 0Oy ox 0Ox oy’
onoP onoP
dy dx 0x 0y’

All conditions give one the same characteristic equation:

on on
a—xdx + 6_ydy =0.
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Evidently, n(x,y) = C is an integral of the equation. It is well known that an integral of
the characteristic equation gives one good new variable. Namely, n = n(x,y) is good
new variable (the second coordinate should be orthogonal to the first one). Note that
the assumption that the viscosity varies is now crucial because we use the viscosity
as a new coordinate (instead of the spatial coordinate). Hence, the solutions of our
equations, which predetermine the correctness of the replacement suggested above,
are

P =P(n).

After the replacement, the Stokes Egs. (1), (2) and the continuity condition (3) transform
to the following form

0°u, 0%u, O°u, ap
-nZZ - _pG,, 7
ox2 dy? +6y6x Tox = ~P%x 7
2 2 -
o°u, .\ a2ux .\ o°u, —q@ _ oG @)
8x2  0yox dy?2 oy v
ou, Ou,
—+—=0. 9
ox * oy (9)

Inserting the expressions for u,,u, into Egs. (7)—(9), one obtains the following equa-
tions

2 2 2 2
o T | o (@> Al (0’7) +

02x ox a2y ay
6217 onon - on
N SVl Sy Gt e 10
Oyodx * dy 0x 5% = 7P5x (10)
2 2 2 2
oy T, oy (@) PRV BV (@> +
02y oy 02x ox
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62,2 + " 6/] a’l ﬁ/@ —

dydx dy 6x 1 oy

on on
iy L oo, 12
CD6X+ oy 0 (12)

@

_pGy, (11)

2.2 Linearly varying viscosity

Our treatment is based on some assumptions. In this section we assume, first, that the
viscosity 17 is a linear function of the Cartesian coordinates,

n=ax+by+c, (13)

where a, b, ¢ are non-zero constants. Second, the restriction concerning to the gravita-
tional terms takes place: p(aG, — bG,) and p(bG, + aG,) are functions of one variable
— viscosity. It means that oG, and pG, are functions of 1 only. Introduce the functions
f,fy:

_ p(aGy - be)

~ p(bG, + aG,)
f(n) = @ 1 D27 =

14
a2 + b? (14)

)

Then one gets the following system of equations:
d"(2a% + b?) + ¥"ab — anP' = —pG,,

Y (a% +2b%) + @"ab —anP = —pG
P'a+W¥b=0.

yl

!

One can simply solve this algebraic system in respect to ®",¥" P’

_ f1(n)
i
2209

®" = bf(n), W'=-af(n), P (15)
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It gives us:

M

n
u, =Cb=b/dfz1 /dqu(rlz)+b01fl+02,
1 1

n R
uy=V¥= ‘a/d’h /dflzf('lz) —acqn+csg,
1 1

n
~ f.
P=/dlz1 1(114) +e..
m

Correspondingly, one obtains v,, vy, P:

n n4 n n
o[ [an | (o) [ L !
Vy = rn nof(n,) + beqlogn +c, = b | dnof(ny) ,Z—1+b01 0gn +Co.
1 1 1 ,12

Finally,

n
v, = b/dqu(qz)log (,%) + bcqlogn +cs.
1

Analogous transformation takes place for v,

n M

dn4
v, =-a m dnof(nz) — acqlogn +c3,
1 1

2210

(16)
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Namely,

n
v, = —a/dqu(nz)log (I%) —acqlogn+cj.
1

The expression for the pressure is as follows

n
P =/df21f1('l1)+04-
1

Particularly, in the case of constant gravitational terms, i.e. for f(n) = A = const,

f1(n) = A4 = const one has:

v, = bAn+bclogn+ ¢y,
v, = -aAn-aclogn+ ¢,
P = A1f2 + 54.

Consider more complicated case when the density is a linear function of the viscosity:

o =pB4n+B5. Then,
f(n)=an+ay f(n)=>bin+by,

where constants a4, a,, b4, b, are as follows

2= B, (aG, - bGX)’ 2=, (aG, - bGX)’
(a2 + b?)? (a2 + b?)?
by = B, (bG, + aGX)’ = 2(bGy + aGX)-
a2+ b? a2+ b?
2211
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Note that in this case the continuity equation (3) should be written in more general
form:

a(pvx) + a(pvy)
ox oy

Formulas (16)—(18) gives us

= 0. (19)

v, = -b(a/2+a,—cq)logn + %bamz + bayn - %a1b —a,b+c,,

vy

1 1
=a(ay/2+a,—cq)logn - Zaamz —aa,n+ Za1a +a,a + Cg,
1 2 1
P = §b1rl +b2I]— §b1 —b2 +Cy-
The continuity equation (19) gives us the relation:
ac, +bcy =0.
2.3 Exponentially varying viscosity

Let us construct the second benchmark solution. Now we assume that the viscosity is
the exponential function of the Cartesian coordinates:

n=cexp(ax + by). (20)

General consideration up to Egs. (10)—(12) is the same as earlier. By inserting Eq. (20)
into Egs. (10)—(12) and taking into account that

on on

A= ’ == b ’

ox an oy 1

one obtains the following system of equations:

(2% + b?)(D"? + D'n) + ab(W"' 2 + ¥'n) — aP'n? = —oG,,
2212
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ab(®@"n? +d'n)+(@%+262) (V' +¥'n) - bP'n? = -pG
ad®’ +bv¥' =0.

y1

Using the last relation, we exclude ¥ from the first two equations:

(@ + D) (P"n? + D'n) — aP'n? = —pG,,

B a° + ab®
b

a
Y 21
S (21)

(CD”/ZZ +CDIIZ) —blé’fzz — —pG

y!

One can see that we got linear algebraic system in respect to (®”n? + ®'n) and #'.
The solution is as follows

P = ﬂ, (22)
rlZ
d"n? + d'n = bf(n). (23)

Remark. It is interesting that these formulas contain the same functions 7(n), f;(n).
Equation (23) is well-known Euler ordinary differential equation. One can get its so-
lution for arbitrary function f:

n
f
u,=®d(n) = b/log (%) (,2,211)dr11 + beqlogn + co. (24)
1

Taking into account the relation (21), one obtain u,,:

f
1 ) (,21))dn1 —acqlogn+cs. (25)

n
u, =¥ =—a/lo (—
Y ) , 9 m/) M
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Taking into account Egs. (4) and (5) one obtains v,, v,:

n
d f
vX=b/ﬂ/dnz (,22)—bc11+bc1+02=
1 : M2 n

Hence, we get the expression for v, and analogously, for v, :

n
f(no) n—no 1
v =b/d —-bci—+bcy + o,
X =, th TR

n
f _
__a/d,22 (n2) n—no

1
v, = +aC1——aC1+03.
M2 NNz n

y

As for the pressure, we obtain it from Eq. (22) by taking into account Eq. (6):

n
= f
P=/drz1 1(11) +C

2 4
1 &
Hence,
n
f.
P=/d/11 1(111) Ca.
, 4

2214

(26)

(27)

(28)
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One can compare Egs. (26)—(28) with Egs. (16)—(18).
For simple particular case (constant gravitational term) when f(n) = A = const,
f1(n) = A4 = const one has:

b(A+cq) bAlogn L

vV, = — Co,
X ’Z ’Z 2
A Al
v, = a( +c1)+a ogrz+53,
n n

P =Alogn+c, - by,

where ¢, = bcq + C,,C3 = —acq + Cy.
For more complicated case when the density is a linear function of the viscosity
o=01n+pPs, ie.

f(n)=ain+ay, f(n)=>bin+by,

where constants a4, a,, b4, b, are the same as in the previous section. The continu-
ity equation should be written in more general form Eq. (19). It is simple to evaluate
integrals in Eqgs. (26)—(28). In such a way one obtains

b(ay; —a - c4) ba |09'Z+6
- ba, 2
n

v, = baylogn +

ala;—a,-c¢ [
v, = —aalogn - (a ,22 1)+aa20,§;’7+53,

P =bin+bylogn+:¢,,

where ¢, = ¢, + bcy + ba, — bay,C3 = c3+aa, —aa, — acq,C, = ¢4 — by. The continuity
equation (19) gives us the same relation as earlier:

ac, + bcs =0.
2215
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3 Three-dimensional case
3.1 Formulation of 3-D equations with variable viscosity

Similar situation is in 3-D case. Particularly, we can realize the same procedure as in
2-D case with some additional limitations. The initial system of equations is as follows

2
O 000V, (O OV 900V 50Dy
ox? dx Ox dy? dydx 0y 0y Oy 0x
qanx +qa"‘vz +@6VX +@%_@=
022 0z0x 0z 0z 0z 0x 0Ox
0%, 8%, anov, ondv, _ondy, o°v,

7 o x Zd el on__7Y
ox2  Tayax "axoy Toxox “ayay oz

8%y 92 ov, )
_y+,Z VZ+@_}/+@ VZ_@z_pG
822 0z0y 0z 0z 0z0y 0y

2
0%v, +,202vx +@0VZ +@%+rza vy +@6vz+
0x2 0z0x 0x 0x Ox 0z 0z0y 0Oy Oy
onodv, 8%, _ 8°v, _@ndv, oP
— 2 Lt Gt
Oy 0z +,76y2+ ,2622+ 0z 0z 0z
ox 0Oy 0z

2n

_pG)(s

n

n »

n

-P Gz’ (29)
(30)

The replacement of the variables v,, vy, v,,P by ux,uy,uz,/5 is analogous to that in
the two-dimensional case:
ov, 10u, 0Ov, 10u,

x "nox By Sndy o1
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The characteristic equations for each triplet of equations, i.e. for uX,uy,uz,F’ are the
same (analogously to 2-D case). The solutions for these conditional equations are

uy=d(m), u,=¥1n), u,=Tn), P=~Pn). (32)

These relations give us correctness of the above introduced replacement for arbitrary
varying viscosity (ensuring non-vanishing Jacobian). But it allows one to obtain the
solution of the Stokes equations only under some assumptions about the viscosity

3.2 Linearly varying viscosity — 3-D case
Below we will assume (analogously to 2-D case, Eq. 13) that
n=ax+by+cz+e, (33)

where a, b, ¢, e are non-zero constants. Moreover, we need in 3-D case the following re-
striction for the gravitational terms (compare with Eq. 14): poG,, 0G,, oG, are functions
of one variable — viscosity (for example, constants).

Making the substitution (Eq. 31) in the system (Eq. 29), one transforms it to the form

2 ~
o%u, . 8%u, . o°u, . o%u, . o%u, _qa_p 4G,
Ox2 oy2 0yOdx 9z2 0z0x

6X=

02uy d%u, 62uy 62uy d%u, P

2 %= - _pG,,
Ax2 +0y6x+ dy?2 * 022 +626y "ay PGy
o%u, o°u, 02Uy o%u, d%u, P
-N——=—-pG,, 34
ax2+026x+620y+ay2+ 52 57 = ~PC: (34)
ou, Ou, du
X Y+ Z=o. (35)

ox * oy 0z
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Substitution of Eq. (32) into Eq. (34), Eq. (35) leads to the following system for

DV, TILP:

d"(2a% + b2 + )+ ¥"ab +"ac - naP' = -pG,,

W (a% +2b% + )+ D"ab + " bc — nbP' = —pG

y!

["(a® + b? +2¢2) + ®"ac + ¥"'bc — ncP' = —pG,,

dP'a+¥bhb+l'c=0.
Hence,
®"(a% + b? + c?) - naP' = -pG,,

(a2 2 2 D! _
Y@+ b +c%)-nbP' = -pG,,

- %CID”(ac2 +ab® +a°) - %‘I”'(bo2 +a’b+b% - ncP' = -pG,,

r= -2 - 2y
c c

The first three equations gives one an algebraic system in respect to ®@",¥”,P'. Then
one get " from the initial system. To be the correct solution the obtained expressions
should be functions of one variable — viscosity. It is ensured by our assumption con-
cerning to the gravitational terms. The result is as follows:

p(G,ab +G,ac - G, (b® + c?))

: (@2 + b2 + c2)? = ha
W _ p(Gab +G,bc - G,(a° +c?)) _,
- (a2 + b2 + c2)2 =hn.
o p(Gac +G,bc - G,(a” + b®)) _;
- (a2 + b2 + c2)? =12,
2219

(40)

(41)
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B o o(Gya+ Gyb +G,0) _ fo(n)

n(a? + b2 + c?) n

(43)

Here we defined four functions: 7,(n),f,(n),f,(n),fs(n). The obtained expressions are
analogous to that in Eq. (15). Correspondingly, the integration is analogous, and one

obtains

n
VX = /dflzfx(’lz)|09 (,Ziz) + C1X|OQIZ + CZX’
1

n

vy = /d'lzfy(flz)|°g (,%) +cy,logn+cyy,
1
n

Vz = /dIZZfz(,Z2)IOg (’%) + C1zlog,2 + 022’

]
n

P = /dfhfp(m) +Cp.
:

(44)

(45)

(46)

(47)

Particularly, in the case of constant gravitational terms, i.e. for f,(n) = A, = const,

fy

to the 2-D case:

Vy = Ax’l + 61xlog’l + 52X’
v, =A,n+Cq,logn+cyy,
vV, = Azrl + C~\1zlog,2 + 522’
P = APIZ + 5P'

2220

(n) = A, =const, f,(n) = A, = const, fp(17) = Ap = const one has the result analogous
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15

The continuity condition gives one the following correlation between the coefficients:

a51x + b51y + 0512 = O,
The condition

aA,+bA,+cA,=0

is valid identically (see the expression for f,, 1,1,
Consider more complicated case when the density is a linear function of the viscosity:

o = BN+ Bs. Then,

f(n)=an+ay f,(n)=>byn+by,
f,(n)=din+dy, fp(n) =pin+po,

where constants aq,a,, by, b,,dy,d,, py, P, are as follows

- (G,ab +G,ac - G, (b + 02))’
(a2 + b2 +c?)?

(G,ab +G,ac - G, (b” +c?))
(a2 + b? + c?)?

(Gyab +G,bc - G,(a® + c?))
(a2 + b2 + c?)?

(Gyab +G,bc - G,(a° + %))
(a2 + b2 +c?)?

(Gyac +G,bc - G(a + b%))

(a2 + b? + c?)?

a, =B,

H

b1 =,31

b2=,32

d1 =,31

2221
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(Gyac +G,bc - G (@ + b%))

dy = ,
2= P2 (a2 + b? + c?)?

=B (Gya+Gyb+Gc)
TP @2+ b2 4 c?)

o= (Gya+G,b+G,c)
2= P2

(a2 + b2 +c?)

The continuity equation (30) in this situation has more general form:

a(pvx) + 6(pvy) + a(sz)
ox oy 0z

In this case formulas for the velocity and the pressure preserve its form Eqs. (44)—(47)
and give us

=0. (49)

1 1

Vy=—(ay/2+ay,—cqy)logn + 231’12 +aol — 231 —dy +Coy,
1 1

v, = —(by/2+ by - cy,)logn + mez +bon - Zb1 — by +Cpy,
1 1

vV, =—=(d1/2+dy—cq,)logn + Zd1’72 +don - Zd1 = d + Cyy,

1 o 1
P = §P1fl +Poll - 5,01 — P2+ Cp.
The continuity equation (49) leads to the relation
acyy +bcy, +ccy, = 0.
3.3 Exponentially varying viscosity — 3-D case.
Consider second benchmark solution (for exponential dependence of the viscosity on
the Cartesian coordinates):

n=_Cexp(ax + by +cz). (50)
2222
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The assumption concerning gravitational terms is the same as earlier. GeneraJ 3-D
consideration is the same. By inserting Eq. (32) into the equations for u,,u,,u,,P and
taking into account that

on on on
—_— = —_— = b , —_— = y
Ox oy 1 0z n

one obtains the following system of equations:

(222 + B2 + ) (D' P+ D) +ab(W' P +¥'n) + ac(T"'n? +T'n) - aP'n? = —pG,,
ab(®"n? + d'n) + (a® +2b% + A (W' + W'n) + be(T"'n? +T'n) = bP'n? = —pG,,
ac(@" P +d'n) + be(¥'n? +¥'n)+ (@2 +b2+2c?)(M"n? +T'n) - cP'n? = —pG,,

ad® +b¥' +cl'=0.

We can note that the first three equation give us the same algebraic system as in
the case of linear viscosity (Egs. 36-38), if one takes (®"n? +®'n), (¥'n°+¥'n),

(M2 +T'n), nP' as variables instead of ®”,¥",I'", P in the linear viscosity case.
Hence, the solution of the system is as follows:

D' +d'n =1f,(n),
VP +Wn=1,(n),
Mn?+T'n ="1,(n),

an,

5 p(N)
P'n=——.
1 n
The definition of the functions f,,f,,f,,f, was given above, see Egs. (40)—(43). Solv-

ing of these equations is analogous to the procedure in the corresponding 2-D case
(exponential viscosity). By this way we come to the result:

Vy =

> Ne

n
f —
/dq (12) N =1 +c1x%+02x, (51)

2223
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n
/ fy('ZZ) n-=rno 1
dn

v, = —=+cy,—+C

y n, nnp  Yn ¥
f () n—n

v, = |dn, 22 e e

z / 2y nnp,  Vn %

(52)

(53)

(54)

Here ¢4, C1y,C1,, Cox,Cay, Ca,s €, @re some constants. The continuity equation gives

one a relation between the coefficients:

acyy +bcq, +ccq, =0.

One can compare Egs. (51)—(54) with the results for the corresponding 2-D case

(Egs. 26-28).

For simple particular case (constant gravitational term) when f,(n) = A, = const,

f,(n) = A, =const, f,(n) = A, = const, fp(1) = Ap = const one has:
(Ax +C1x) logn .
Vy =— z n . - Ay n + Coxs
(Ay +Cyy) logn
v, = — —-A +Cypy,
y n Yn 2y
(A, +cq,) logn .
z= - n L —-A, n +Coy

P =Aplogn+c,.

2224
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Consider more complicated case when the density is a linear function of the viscosity:
o =p064n+Bs. Then,
fl(n)=ain+ay f,(n)=>byn+by,
f,(n) =din+ds,  1p(N) = PN+ P2,

where constants a4, a,, by, b,,d4,d>, Py, P> have been determined in the previous sec-
tion. Here we use the continuity equation in the form (49). In this case Egs. (51)—(54)

give us
a—a,-c I
vX=a1Iogq+(1 2 1X)—aZqu+52X,
n n
(by = bs—cyq,) |
v, = bylogn + 1 72 v —bzogq+52y,
n n
d,-d,-c [
Vz:d1|ogq+w—d2%+52y,

P =pyn+pylogn+Cp,

Where 52)( = 02X+C1X+32—a1, 52}/ = 02y+C1y+b2_b1a 522 = 022+C1Z+d2—d1, 6P =
Cp — p1. The continuity equation (49) leads to the relation

aézx + bézy + 0522 = O

4 Example problems and numerical convergence tests

The scheme of algorithm testing is conventional. We have obtained particular solu-

tions of the Stokes and continuity equations for two types of viscosity variations. Let

us choose a domain, e.g., a rectangle in 2-D case. Calculate values of velocity and

pressure given by our analytical solution and take this values as the boundary condi-

tions. Then, due to the uniqueness theorem the solution of the boundary problem in
2225
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the domain should coincide with our analytical solution. Let us compute the solution of
the boundary problem by a numerical method. Comparison of the result with the exact
analytical solution shows the quality of the numerical algorithm. In the present paper,
we used standard 2-D and 3-D stress-conservative finite-differences on staggered reg-
ularly spaced grid for obtaning numerical solutions (Gerya et al., 2010). Respective
MatLab programs for 2-D and 3-D cases are provided as suplements to this paper.

4.1 2-D example
4.1.1 Linearly varying viscosity

Consider a simple example of such flow in a rectangle 0 < X < Xg56,0 < ¥ < Vgize- We
assume that n = ax + by + ¢. We will mark the exact solution obtained in Sect. 2 as
Vx.a»Vy arPa- Itis the solution of the boundary problem in the rectangle Q with the fol-
lowing conditions at the boundary 0Q = {x = 0,X = Xgize,¥ = 0,¥ = Vsize} :

VylﬁQ =Vyas VxlﬁQ =Vxa-

Let us compute the velocity and pressure with using of finite-difference scheme. The
corresponding solution is marked as v, ,v, »,F,. The deviation of these values from
the exact solution (v, n —Vy 4,V n =V, 2, P, — P,) is related with the error of the numerical
scheme We calculate the relative errors of three types: L ., L, L, for different viscosity
contrasts, i.e. different values of the coefficients a, b. We test the program Stokes2-D-
variable-viscosity1 from Gerya (2010). The results are presented at Figs. 1-6. Namely,
Figs. 1-3 correspond to low viscosity contrast, Figs. 4—6 — to high viscosity contrast.
Particularly, Figs. 1 and 4 show pressure and velocity components distributions. Fig-
ures 2 and 4 characterizes the viscosity and the density distributions. Figures 3 and 6
contain plots of relative errors via the grid resolutions in logarithmic scale. The vis-
cosity contrast, i.e. the values of the coefficients in the expression for the viscosity, is
determined by given values of the viscosity at three rectangle corners. The value of the
viscosity at the initial rectangle corner is 1, 15, n3 are the values of the viscosity at two

2226
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adjacent corners. At all figures “n” means “numerical solution”, “a” means “analytical
solution” (benchmark).

For the case of linearly varying viscosity we made calculations for the following sys-
tem parameters:

Xsize = Vsize = 1,Gx = 0,G, =10,
ny=1,6y=1,8,=3x 10,

c=n,a= (’13 _’11)/Xsize’b = (’72 _’21)/ysize’
o =pB4(ax + by +c)+ Bs.

One can see that there is rather high accuracy of the numerical approach. We ob-
serve the conventional situation — L _ -error is the largest among the considered errors
norms, and L ;-error and L ,-error are similar. The calculations show that one has good
convergence of the numerical scheme for small viscosity contrast, but it is not so for
high viscosity contrast (compare Figs. 3 and 6).

To describe in more details the dependence of the error on the viscosity contrast we
fill tables with errors for different values of 15, n; (see Appendix, Tables A1-A9).

4.1.2 Exponentially varying viscosity

The case of exponentially varying viscosity is treated analogously. To have a possibility
of comparison with the case of linearly varying viscosity we take the same system
parameters (geometrical size, gravitational terms and the dependence of the density
on the viscosity) with the same viscosity contrast (i.e. the values of the viscosity at the
rectangle corners)

C=ny, a=(log(ng)-109(11))/Xsize:

b = (log(n2) - 109(171))/ Vsize:
n=_=Cexp(ax + by),

2227
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0 =p1n+Ps
Xsize = Vsize = 1,

G, =10, G,=10,
ny=1, By=1, B,=3x10%

We deal with two cases (low and high viscosity contrasts). Figures 7—12 present the
results. Namely, Figs. 7-9 correspond to the case of low viscosity contrast, Figs. 10—
12 are related with the case of high viscosity contrast. There are some similarities with
the previous case. Particularly, L, error norm gives us the maximum relative error
value among three considered error norms. We have small errors (see the velocity and
pressure distributions, Figs. 7 and 10). But peculiarities are more interesting. Namely,
the numerical scheme works essentially better for the case of exponentially varying
viscosity than for linearly varying viscosity. We observe good convergence both for low
and for high viscosity contrasts (compare Figs. 9 and 12 and, correspondingly, Figs. 3
and 6).

Dependence of the errors on the viscosity contrast for exponentially varying viscosity
is presented in the Tables A10—-A18 in Appendix.

4.2 3-D example

One can note that benchmark solutions for 3-D case are essentially more rare than for
the corresponding 2-D situation. It is remarkable that the suggested approach allows
us to obtain such solutions for 3-D Stokes and continuity equations. As earlier, we
consider the cases of linearly and exponentially varying viscosity.

4.21 Linearly varying viscosity

The statement of the problem is absolutely analogous to the previous case. In 3-D

space we consider a parallelepiped Q: 0 < X < Xiz6,0 < ¥ < Vsize) 0 £ Z < Zgi56. We as-

sume that n = ax + by + cz + e. We will mark the exact solution obtained in Sect. 3
2228
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as Vya ¥y a V7 Pa- Due to the uniqueness theorem, it is the solution of the bound-
ary problem in the parallelepiped Q with the following conditions at the boundary
0Q = {x=0,X = Xgiz,Y =0,¥ = V26,2 = 0,2 = Zjpe }

VxlaQ =Vya VylaQ =Vyas VleQ =Vza

Let us compute the velocity and pressure with using of chosen finite-difference al-
gorithm. The corresponding numerical solution is marked as v, ,V, »,V, 5, F,. The de-
viation of these values from the exact solution (v, , = Vy a;Vyn = Vya:Von = Vo0 P = Fa)
is related with the error of the numerical scheme. As in 2-D case, we consider three
error norms: L, L4,L,. We deal with cases of low and high viscosity contrasts. Coef-
ficients a, b, c, e in the viscosity formula are determined through given viscosity values
(n4 = 1,n5,n3,n4) at four adjacent parallelepiped vertices. We choose the following sys-
tem parameters:

e=ny, a=(Nz—"mny)/Xsize

b=(n,- '71)/ysize! c=(ns- ’71)/zsize'
n=ax+by+cz+e,

P =061n+Ps

Xsize = Ysize = Zsize = 1,

G,=10, G,=10, G,=0,
ny=1, By=1, B,=3x10%

Results are presented at Figs. 13—20. Figures 13—-16 correspond to the case of low

viscosity contrast, Figs. 17—20 — to the case of high viscosity contrast. Figures 13, 14

and 17, 18 shows the velocity components and the pressure distribution for the central

cross-section of the parallelepiped. The analytical and the numerical solutions and also

the error (the solutions deviations) are shown. Figures 15 and 19 characterizes the dis-

tribution of the viscosity and the density for the same cross-section. In Figs. 16 and 20
2229
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the errors for a sequence of grid resolution used to solve the equations numerically
are provided. Positive slope of the curves shows the algorithm convergence. It should
be mentioned that the numerical procedure for 3-D case takes essentially greater time
than in 2-D case. Qualitatively, the results are similar to that for the corresponding 2-D
case. The numerical procedure works better for low viscosity contrast.

4.2.2 Exponentially varying viscosity

As in 2-D case, we consider also exponentially varying viscosity. Consideration is ab-
solutely parallel to that in the previous section. To have a possibility of comparison we
take here the same system parameters. Naturally, the viscosity and, correspondingly,
density distributions are now exponential. The system parameters are chosen by the
following manner:

C=ny, a=(log(nz)-109(11))/Xsizes

b= (IOQ(’ZZ) - IOg(’l1 ))/YSize’ Cc= (IOg(’Z4) - IOQ(’Z1))/Zsize-
n=_Cexp(ax + by +cz),

0 =pB1n+pBs

Xsize = Vsize = Zsize = 1,

G, =10, Gy =10, G, =0,

,71:1! ﬁ1=1’ ﬁ2=3X103,

The results are presented at Figs. 21-28. Figures 21-24 correspond to the case of
low viscosity contrast, Figs. 25-28 — to the case of high viscosity contrast. It occurs
that for exponentially varying viscosity the numerical algorithm works better than for
linearly varying viscosity (compare the velocity and the pressure distributions and the
corresponding errors at Figs. 21, 22, 25, and 26 with Figs. 13, 14, 17, and 18). ltis in
correlation with 2-D case. The algorithm convergence, i.e. the dependence of the errors
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on the grid resolution is shown at Figs. 24 and 28. One can see that “exponential” case
gives us better convergence than the corresponding “linear” case.

5 Conclusions

In the present paper, we developed new generalized analytical solutions for 2-D and 3-
D Stokes flows with both linearly and exponentially variable viscosity. We also demon-
strated how these generalized solutions can be converted into 2-D and 3-D test prob-
lems suitable for benchmarking numerical geodynamic codes. Main advantage of this
new generalized approach is that large variety of benchmark problems can be easily
generated including relatively complex cases with open model boundaries, non-vertical
gravity and variable gradients of viscosity and density fields, which are not parallel to
Cartesian axes. These solutions can be very useful for testing numerical algorithms
aimed at modeling variable viscosity mantle convection and lithospheric dynamics (e.g.,
Ismail-Zadeh and Tackley, 2010; Gerya, 2010). Examples of respective 2-D and 3-D
MatLab codes are provided with this paper.

Appendix A

Error decreasing via the grid resolution decreasing
A1 Linearly varying viscosity

Tables A1-A9 contain log rates of error decreasing via the grid resolution decreasing
(the curve slope at Figs. 3 and 6 in logarithmic scale) for different viscosity contrasts in
the case of linearly varying viscosity. Calculations were made for the following system
parameters:

Xsize = Vsize = 1, Gx =0, Gy =10,

2231
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ny=1, B;=10% B, =3x10%
c =1, a:('13_’11)/xsize’ bz(’lz"h)/)’size’
p = By(ax +by +c) + .

Empty table cells correspond to the case when we have very small errors for all con-
sidered grid steps.

A2 Exponentially varying viscosity

Tables A10-A18 contain log rates of error decreasing with decreasing grid step (the
curve slope at Figs. 9 and 12 in logarithmic scale) decreasing for different viscosity
contrasts in the case of exponentially varying viscosity. System parameters are the
same as in the case of linearly varying viscosity with natural changes:

c=1ny, a=(logn;-109n1)/Xsze, b= (09175 —-10914)/Ysizes
P = Bicexp(ax + by) + Bs.

Supplementary material related to this article is available online at
http://www.solid-earth-discuss.net/5/2203/2013/sed-5-2203-2013-supplement.

zip.
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Table A1. Pressure; L -error.

n, 2 5 20 100 300 1000 10000
3
2 0.89 0.97 0.81 046 0.11 -0.19 -0.40
5 0.96 0.93 0.89 0.77 014 -0.14 -0.39
20 0.83 0.89 0.86 0.77 0.73 -0.06 -0.33
100 0.80 0.79 0.77 0.83 0.77 0.46 -0.21
300 0.76 0.76 0.77 0.79 0.83 0.79 -0.11
1000 0.49 0.61 0.73 0.77 0.77 0.83 0.14
10000 -0.40 -0.39 -0.33 -0.21 0.13 0.41 0.80
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Table A2. Pressure; L-error.

o 2 5 20 100 300 1000 10000
3
2 1.40 0.96 116 074 041 0.04 -0.24
5 0.96 1.41 0.86 1.30 041 0.177 -0.20
20 1.16 0.86 1.37 121 060 024 -0.06
100 1.07 1.13 1.19 1.37 1.34 0.31 0.13
300 1.29 1.31 134 136 1.37 1.04 0.19
1000 0.37 0.51 0.77 116 133 1.36 0.20
10000 -0.30 -0.27 -0.14 0.04 0.14 0.27 1.27
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Table A3. Pressure; L,-error.

o 2 5 20 100 300 1000 10000
3
2 1.42 1.14 124 086 0.46 0.08 -0.20
5 1.13 1.44 1.03 1.30 057 023 -0.16
20 1.23 1.08 1.39 1.27 0.83 043 -0.01
100 1.14 1.21 1.26 1.36 1.33 0.50 0.26
300 1.27 1.27 129 133 1.34 1.17 0.40
1000 0.56 0.70 1.03 124 131 1.36 0.39
10000 -0.21 -0.19 -0.04 0.23 0.34 043 1.27
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Table A4. Velocity v,; L -error.

n, 2 5 20 100 300 1000 10000
3
2 1.67 1.41 0.77 034 -0.03 -0.30
5 1.63 1.23 1.04 0.36 0.06 -0.26
20 1.50 1.39 0.83 0.26 0.09 -0.17
100 0.59 0.79 0.73 1.43 0.06 -0.04
300 1.59 1.59 1.36 1.36 0.06 -0.01
1000 -0.29 -0.13 0.29 0.60 1.41 -0.01
10000 -0.67 -0.64 -0.51 -0.21 0.07 0.03
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Table A5. Velocity v,; L4-error.

n, 2 5 20 100 300 1000 10000

3

2 2.01 140 0.83 0.40 0.13
5 1.51 193 1.09 0.60 0.16
20 1.44 1.47 2.00 150 0.99 0.31
100 117 1.43 1.56 2.09 1.39 0.70
300 1.63 1.61 1.63 1.66 1.87 1.04
1000 0.64 0.84 124 159 1.61 1.29
10000 -0.06 -0.01 0.13 0.53 0.84 1.09
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Table A6. Velocity v,; L,-error.

n, 2 5 20 100 300 1000 10000

3

2 1.99 1.20 0.70 0.29 0.01
5 1.53 1.79 0.91 047 0.04
20 1.47 1.54 1.81 1.09 0.77 0.20
100 1.13 1.39 1.54 2.04 094 0.53
300 1.64 163 1.63 1.61 1.49 0.77
1000 0.56 0.77 123 157 1.60 0.90
10000 -0.19 -0.13 0.01 0.41 0.69 0.96
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Table A7. Velocity v, ; L ,,-error.

o 2 5 20 100 300 1000 10000
UE!
2 1.75 1.63 1.47 0.64 0.03 -040 -0.67
5 1.67 1.44 1.37 1.23 024 -0.26 -0.64
20 1.40 1.23 0.97 0.83 0.34 0.09 -0.51
100 0.83 0.79 0.79 1.33 1.56 0.07 -0.21
300 1.66 1.76 1.91 1.91 1.91 0.66 0.04
1000 -0.01 0.06 0.04 0.37 0.86 1.17 0.03
10000 -0.30 -0.27 -0.16 -0.06 -0.03 -0.03 -0.30
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Table A8. Velocity v, ; L {-error.

o 2 5 20 100 300 1000 10000
UE!
2 198 151 144 117 059 0.16 -0.13
5 201 190 147 163 084 034 -0.10
20 190 194 194 157 130 0.73 0.06
100 151 176 2.00 206 1.66 0.81 0.43
300 187 196 2.04 209 2.07 144 0.76
1000 066 0.86 130 1.81 2.07 2.07 0.93
10000 0.14 0.19 034 0.74 1.07 1.34 1.87
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Table A9. Velocity v, ; L,-error.

o 2 5 20 100 300 1000 10000
3
2 199 153 149 114 051 0.07 -0.21
5 199 190 154 161 0.79 026 -0.19
20 181 180 179 156 124 0.63 -0.03
100 127 147 179 203 161 094 034
300 186 193 1.99 204 2.04 143 0.60
1000 0.37 053 090 156 1.97 2.03 0.74
10000 0.019 0.04 0.20 0.54 0.76 0.89 1.23
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Table A10. Pressure; L -error.

n, 2 5 20 100 300 1000 10000

UE!

2 094 083 067 1.01 124 1.41 0.84
5 0.87 064 071 084 124 1.31 1.16
20 0.73 083 0.81 1.01 129 1.19 1.04
100 0.80 089 1.07 130 123 1.14 0.96
300 090 099 1.13 123 119 1.09 0.91
1000 1.04 113 1.14 111 1.09 1.03 0.86
10000 1.19 1.13 0.70 091 0.87 0.84 0.71
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Table A11. Pressure; L4-error.

n, 2 5 20 100 300 1000 10000

UE!

2 140 0.89 1.10 140 146 1.44 1.37
5 0.89 113 117 134 141 143 1.36
20 097 114 131 140 140 1.40 1.33
100 120 1.36 131 139 139 1.36 1.26
300 137 136 127 134 136 1.31 1.21
1000 139 1386 127 129 130 1.26 1.17
10000 1.33 129 123 117 114 113 1.06
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Table A12. Pressure; L-error.

n, 2 5 20 100 300 1000 10000

UE!

2 146 1.03 120 147 156 1.53 1.40
5 1.03 113 1283 139 153 1.51 1.39
20 113 124 131 146 151 1.46 1.31
100 127 139 139 146 143 1.37 1.23
300 1.37 141 139 140 137 1.31 1.19
1000 141 141 136 133 130 1.24 1.1
10000 1.37 134 126 117 114 1.11 1.00
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Table A13. Velocity v,; L -error.

n, 2 5 20 100 300 1000 10000

UE!

2 1.71 161 181 174 1.70 1.63
5 1.69 141 183 1.73 1.66 1.56
20 166 159 136 180 1.70 1.56 1.44
100 171 179 190 1.76 159 1.46 1.36
300 1.87 200 1.89 171 156 1.46 1.31
1000 1.79 187 193 171 154 1.41 1.26
10000 149 166 191 167 151 1.37 1.17
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Table A14. Velocity v,; L4-error.

n, 2 5 20 100 300 1000 10000

UE!

2 2.03 206 217 210 2.06 2.01
5 1.61 206 224 214 2.10 2.01
20 159 183 221 221 216 2.13 2.04
100 164 187 210 221 214 2.10 2.04
300 176 191 204 221 214 2.07 2.01
1000 184 194 204 213 214 2.06 1.97
10000 1.77 1.87 196 2.00 2.01 2.00 1.91
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Table A15. Velocity v,; L,-error.

n, 2 5 20 100 300 1000 10000

UE!

2 2.00 1.97 203 2.00 1.96 1.91
5 1.66 193 2.09 201 1.97 1.90
20 163 1.84 206 209 201 1.96 1.87
100 1.71 193 206 204 197 1.90 1.83
300 187 199 203 200 193 1.84 1.74
1000 193 2.00 203 200 193 1.84 1.74
10000 1.76 1.89 196 194 190 1.83 1.67
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Table A16. Velocity v, ; L ,-error.

o 2 5 20 100 300 1000 10000

UE!

2 1.76 167 183 187 171 1.71 1.56
5 1.73 156 153 209 199 1.90 1.89
20 167 146 137 196 1.89 1.86 1.84
100 157 127 1.80 177 169 1.64 1.61
300 127 180 1.79 167 157 1.53 1.50
1000 181 181 173 156 149 1.43 1.36
10000 1.71 116 156 140 136 1.29 1.19
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Table A17. Velocity v, ; L -error.

o 2 5 20 100 300 1000 10000

UE!

2 191 163 174 216 213 2.11 2.03
5 203 191 197 213 217 219 2.14
20 203 2.01 226 221 220 220 214
100 201 224 229 231 230 226 217
300 226 234 227 223 226 226 217
1000 224 224 223 217 217 217 2.16
10000 2.07 2.10 2141 211 2.09 2.07 2.07
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Table A18. Velocity v, ; L,-error.

o 2 5 20 100 300 1000 10000

UE!

2 197 166 181 210 201 1.94 1.83
5 200 193 199 211 210 2.04 1.94
20 197 190 209 214 211 207 2.00
100 1.89 196 211 209 206 2.04 1.97
300 203 211 209 201 197 1.96 1.93
1000 211 206 204 196 191 1.87 1.86
10000 196 194 193 187 183 1.77 1.71
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